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For a non-modular field F and a binary form f with coefficients in F, the

problem of the determination of functions of the coefficients and variables of f,

invariant under all binary linear transformations in F, is formally identical

with the corresponding problem of the ordinary algebraic invariant theory.

But for a finite modular field the problem is essentially different ; the terms of

an invariant need not be of the same degree nor of constant weight ; the anni-

hilated are quite complicated, involving higher partial derivatives. Fortunately,

the difficulty in the direct computation of the invariants is in marked contrast

with the regularity observed in the actual form of the invariants and with the

simplicity of the relations between the invariants, common to the algebraic and

modular theories, and the additional invariants peculiar to the modular theory.

In the study of the invariants of a given quantic in the Galois field of order

pn, we have a doubly infinite system of problems, corresponding to a single

problem in the algebraic theory. Interest naturally centers in a comparative

study, rather than in the individual problems. The aim of the present paper

is to give in correlation the results of a rather extensive comparative study.

Formal proofs of the laws observed are given only in a few instances. It is

hoped that proofs of the remaining properties observed will become more prac-

ticable when a satisfactory symbolic treatment is constructed.

Since there is evidently only a finite number of linearly independent invari-

ants loi a given binary form of degree m in the GF[pn], each set of num-

bers m, n, p uniquely defines a commutative linear associative algebra, whose

units are these invariants /.

In the final sections of the paper, application is made to the invariantive

reduction of binary quantics to canonical forms, f

* Presented to the Society at the preliminary meeting of the Southwestern Section December 1,

1906.    Received for publication December 19, 1906.

t The invariants of »V-ary quadratic forms are treated in papers to appear intheProceedings

of the London Mathematical Sooiety and the Amerioan Journal of Mathematics.
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1. Theorem.    The binary form * with coefficients in the GF[pn~\,

m

(i) /-X<v*"-y,
i=0

has the absolute invariant

m

(2) /=II(a?-l).        timpr-1.
1=0

Here and below we employ the generators ( t, X any marks +- 0 )

(3) x = x + ty,        y = y;

(4) x = x', y = Xy;

(5) x = y, y = — x;

of the group of all binary linear  transformations with  coefficients  in   the

GF[p"~\.    Under (3) f becomes a form f with the coefficients

i-l

(6) a'0 = a0,      a'x = ax +mta0,---,      a't — a, + £C„-í,wíWa¿» ••••

Under transformations (4) and (5) we have, respectively,

(7) a'i = Xiai Ml,-,!),

(8) «¡-(-I)"-'«.-, (¿ = 0,1,-...m).

Under the replacements (7) and (8) the function (2) is unaltered, since X" = 1

for every mark X 4= 0. Consider next the replacement (6). The first factor

a% — 1 is unaltered.    Then, since ( a£ — 1 ) a0 = 0,

(a'f -l)(a'f -l) = (a* -l)(at -1 + Aa0) = (as -l)(a? -1).

The proof may be completed by induction from i—1 to i.    Let

P4-II(«?-1).
J=0

Then

P\ = Pi-A< -1)- P_iK - * + 50a0 + 5,a, + • • ■ + SwoH)

-P„(af-1)-Pf.

2. The absolute invariant (2) has a simple interpretation. According as

a 4= 0 or a = 0, we have a" — 1 = 0 or — 1. Hence the form f vanishes

identically if and only if 14= 0.

* We do not at present introduoe binomial coefficients CU, some of which are divisible by p

for certain values of m and p.
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Frequently a property expressible by a single invariant in the modular theory

requires in the algebraic theory the use of a covariant or else an invariantive

simultaneous system of equations. A less obvious instance relates to the minors

of the determinant of a k-ary quadratic form.

3. Theorem. For m a power of p, the binary form (1) of degree m with

coefficients in the GF[p"] has the absolute invariant

m—l

(9) p=nK-i),   ?=pn-i.
*=i

The proof is similar to that in § 1.    We now have

^.1=°    (mod^) (f=l,...,»-l),

so that there is no term a0 in a\ (i = 1, • • •, m — 1 ) in formulae (6).

4. An obvious invariant of y is the éliminant E of

/=0,       x*" = x,       y*" = y.

For example, let m = 3, pn = 3. Multiply/"by xy, x2y2 and x2 in turn and

reduce by means of x3 = x, y3 = y.    The corresponding equations

a0x + axx2y + a2xy2 + a3y = 0,        (a0+ af)x2y + (a, + af)xy2 = 0,

(ax + af)x2y+ (a0 + a2)xy2 = 0, a„x + (a, + afjrfy + a2xy2 = 0,

have the éliminant, identical with (17) of § 9,

«0«3{(«l+0!3)2-(a0+a2)2}-

Evidently, E = amR, where R is the resultant of

f1=a0+axy+... + amym=0,        y"" = y.

By the elimination of 1, y, y2, ■ ■ -, y'~x by Sylvester's dialytic method, we

obtain for R a determinant of order p" in which each element in the main diag-

onal is a0. The numerical factor is thereby determined so that R = af + ■ ■ ■.

Except in the simplest cases, it is more convenient to have E expressed as

the product of the linear functions obtained from y by giving to x, y the p" + 1

sets of values 0,1; and 1, p, where p ranges over the marks of the fie^l:

E=amU(a0 + axP+--- + ampm),    p ranging over the GF[pn] .

For the case of quadratic forms (m = 2) in the GF[pn] , simple expres-

sions may be given to E.    For p= 2, E=a2j(-, where % is the absolute
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invariant given by (20).    For p > 2,

E=l(Ai(*"+xx-A),        A = al-4a0a2.

Note, in verification of this result, thaty, = 0 has a root in the field if, and only

if, the discriminant A is zero or a square, so that E = 0 if, and only if,

A(Ai(p-i)_i) = o.

For cubic forms, consider first the case p" = 32.

We define the GF [ 9 ] by the primitive irreducible congruence i2 = i + 1

(mod 3); then the marks 4= 0 are 1, i, i2, i3, and their negatives. Hence

E = a0asTT, where

7T = n {(a„ + ají2)2 - (axP + aj3)2} (P = i, i, <*, ¿«)

= U(a20-ap2 + ßp* - alp6)     (a=al + a<flt, ß = a\ + axat ).

Forming the product of the factors given by p = 1, i2, and those given by

p = i, i3, we get, since ¿4 = — 1,

«={{< + ß)2-{< + «?}{{<- ß)2+(a\'-a)2}

= (at + a\a + ß2)2 -(a\ + a20ß + a2)2.

Since a0as(a*0 — a\) = 0 in the field, are readily obtain the result :

^= aoai«3 - ao«ia3 + K«,«2 - «oaî«2K - K«2 + «o«2«l + «XK

+ (a0axa¡ - a\a\a2+ ayx)a\+(a0as2+afc* + a\a2xa32 + a30a\a22 - ayxa2-a0al)as.

For p 4= 3, we shall employ the cubic form (40) with binomial coefficients.

Then -it is the product of the functions a0 + 3axp + 3a^ + aj?, p ranging over

the marks 4= 0.    For p" = 2, 22, 23, the expressions for ir and E are given in

§ 23.    For pn = 5,

ir = (a¡ - a22 - a¡aty - (a2 - a\ + a^)2

= «Í - «Í + a\ - «3 + 2«oa2 - 2a2«3 + 2<W2 - 2a2a1a3 + 2axa22as - 2a0a2xa2,

so that E is given by (90).    For pn -= 7, it is convenient to set

a = a2-«3»        ß=axa3+2a\,        7 = - aQa2 - 2a\.

Forming the product of the factors by twos, viz., those with p = ± 1, those

with p = ± 2, and those with p = ± 3, we obtain the interesting result :

7r = (« + y8 + 7)(a+2/3 + 47)(a + 4/S + 27)=as+/Ss + 7s-3a#y  (mod 7).

The resulting expression for E is given, by (93).
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5. Theorem.    The weights cr = ex + 2e2 + • • • + mem of the various terms

a'° a',1 • • • a,m
o     1 m

of an invariant cb differ by multiples of p = p" — 1.

Here and in § 6, let cb become ef> = Ddef> under every binary transformation

of determinant D. Consider the special transformation (4) in which X is a

primitive root of the GF [ pn ]. In view of (7), the above general term of <p is

multiplied by Xa.    Hence

X* = Xd,        a = d    (mod p.).

6. Theorem. The degrees p of the various terms of an invariant differ

by multiples of p/8, where 8 is the greatest common divisor of m and

p = p" — 1.    Further, mp — 2er is a multiple of p.

For the transformation x = Xx', y = Xy', we have a'i = Xma.. Hence a term

of degree p of <f> is multiplied by a."1'' , so that mp = 2d (mod p ).

7. The differential operators which annihilate an invariant are here more

complicated than in the algebraic theory. This is due primarily to the fact that,

in a series of powers of an arbitrary mark t of the GrP [/)"], certain terms now

combine, viz., t', ti+li, ti+2li, • • •, where p = pn — 1. Since a*" = a for every

mark a, we may assume that the exponent of each a. in an invariant does not

exceed p. Then, for the case n = 1, we can employ Taylor's theorem for

the expansion of a polynomial of degree p = p — 1,

*(a+ t) = yjr(a) + tyjr'(a)+ ■ ■ ■ + -^W>(a) + ■ ■■ + —,. t» ^ (a),
n p.

since the denominator i ! is prime to the modulus p. The case n > 1 appar-

ently (cf. § 10) offers a theoretical difficulty ; it actually presents a difficulty

from another source (§ 12). We therefore begin with examples illustrating

the simpler case n = 1.

8. For the first illustrative example, consider the form

(11) a0x2 + axxy+ a2y2,

in which the coefficients are integers taken modulo 3. Under the transforma-

tion (3), a, and a2 receive, in view of (6), the respective increments

ax=2taQ,        a2 = tax + t2a0.

Let cb be a polynomial in a0, ax, a2, with exponents =2. By Taylor's the-

orem,
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cb' -eb= axcbai + a2ebai + ld\cbal + c^c^eb^ + ^¡cb^

+ lcL2a2cbalai + \axa\ebaiaí + la2a\cbalaí,

where ebavai denotes d3cb/daxda2, etc.    Then cb' — cb = t8cb + t28xcf>, where

8eb= 2a0epai+axebai+2alcbaiai+a0axcpai + 2a2axcbaia2+(a0+a0a2^^

8xeb = a0^>O2+2a5(pa? + 2a0a1(paiO2-(a§+af)<poi + 2a0^>afo2+2a?a1<piIiai

+ (à2+a2a2)ebalaî.

A necessary condition for cb' = cb "is 8eb = 0. This condition is also sufficient.

Indeed, if [¿"<p] denotes 8cp in reduced form, i. e., with every exponent S 2 (in

virtue of a3 = a ), then 8 [ Soi ] = S, cb. To verify the latter, note that if i/r is

a reduced function of a, viz., yjr = ra2 + sa + t, then [ ayjr ] = ra + sa2 + ta,

and [af~\a= a^+f-^ (mod 3 ). Again, if x = sa+t, [a2*] = sa+ta2,

and

la2X]a = a2Xa+(a2)aX+Xa    (mod3).

Proceeding to the computation of the invariants, we may set

0, 1, 2

cb = ¿J Ay a\ a32 ( At,- quadratio functions of n0 ).
», i

Employing the annihilator 8 and giving to 8cp its reduced form [S<^>] with

exponents = 2, we require that [¿<p] = 0, identically in ax, a2. Among the

resulting conditions occur

Axx=0,        AX2=0,        Axoa0=0,        A22a0=0    (mod 3).

In view of these, the remaining conditions reduce to

A2X a0 - A,, -A02 = 0,        A20a0 + A2X + Aox - A2X a20 -A02a0=Q.

From A22a0 m 0 we get A22 = r(a20 — 1), where r is a constant. The term

ral al al *s unaltered, by transformation (4), so that r = 0 unless ef> is an abso-

lute invariant. In the latter case we replace eb by <p — rl, where / is the

invariant given by (2). In either case, it remains to consider cb with A22 = 0.

Under transformation (5),

(8') a'0 = a2,        a'x=—ax,        a'2 = a0.

This replacement must leave <p unaltered. But by A22 = 0, a2 a\ is a factor of

no term of eb.    Hence a, a\ is a factor of no term of </>.    We may therefore set

A2X = a + ßa0, A20=X + pa0     (n, /?, X, /»constants).
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Similarly, by AX2 = 0, a, a\ is a factor of no term, so that Axo = 0. The above

long conditions now give

A02=aa0 + ßal, Aox= - a + (ß - X)a0- (a + p)a¡.

The conditions that <p shall be unaltered by (8') are p = a, A00 = k — aa0, k a

constant.    Hence

<p= ßa20a22+ (ß — X)a0a2+ Xa2 + ßa0a2a2 + aQ + k,

where

(12) Q = a0a\ + a¡a2 + a\a2 + a2a0-a2-a0.

The coefficient of X is the discriminant A = a\ — a0a2, that of ß is congruent

to A2 — A. As the linearly independent invariants of the quadratic form (11)

modulo 3, we may take I, Q, A, A2. Now I = Q2 + A2 — 1. As the inde-

pendent invariants we may take Q and A.

9. Consider the binary cubic (1 )m=3 with integral coefficients modulo 3. The

discriminant A and (9) give the absolute invariants

(13) A = a2xa\-a0a2-axa3,        P - (a\ - l)(a\ - 1).

Hence there is an absolute invariant of the second degree :

(14) E= A-P+l = a2x + a22-a0a2-axa3.

In view of (6), a0 and a, are unaltered by transformation (3), while a2 and at

have the respective increments 2tax and t(a0+ a2 ) + t2ax. The coefficient of

t in eb' — cf> gives the annihilator

,„     .        2°1*H +  ( «0 + «2 ) K - «Ï0HH + «1 ( «0 + «2 ) <Pai ~ «,(«„+ «, ) 4>»h,
(15)

+ {a, + ax(a0 + a2)2}cf>a^ - ax(a0 + a2)cbalal.

By §§5, 6, the terms of an invariant eb are all of even degrees, while all are

of even or all of odd weights. Further, by (5) and (8), <p must be unaltered by

the substitution

(16) a'0=-a3,        d3 = a0,        a[ = a2,        a'2= - ax.

Let first the weights be even, so that by § 5, e, = e3 (mod 2) in every term

of <p.    Then, in view of (16), <p must have the form

&K + «a) + c(«2 + a2) + d(a0a2 + axa3) + ea¡a23 +fa\a\ + g(a\a\ + a\a\)

+ h(a\a\ + a\a\) +j(a\axa3 + a¡a0a2) + k(a2xa0a2 + a22axa3) + Ia0axa2a3

+ m(a2aa\a22 + a2xa22a\) + n(a20a2xa¡+ ay2a¡) + q(a20a22axas + a2xa23a0a2)

+ ra20a2xa22a2.
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By subtracting from <p suitable multiples of P, E, A2, and /, given by (2),

we may aetc = d=k = r = 0.    Then (15) vanishes if and only if

ra=y=0, g = q = e = h=—m, b=j = l = m.

The coefficient of m is the absolute invariant

T= o* + a\ - a20a23 - a20a\ - a22a\ - a20a22 - a2xa\ + a20axa3 + a0a2a¡

+ ataxa2a3 + a20a2xa22 + a\a22a23 -'a20axa22a3 — «0aja2a2.

Finally, when the weights are odd, the possible terms are

B(a0ax - a2af) + G(a20axa2 - a23axa2) + H(a¡a2a3 - a23a0ax)

+ J(a\a0a3 — a\a0a3) + K(a\a2a3 — a22a0af) + L(aJ«2a2o3 - a23a22aaax).

The conditions that (15) shall vanish are B= G = K= L==0, J= H.   Hence

(17) E = a2xa0a3 - a\a0a3 + a20a2a3 - a23aüax

is the only invariant of odd weights.    By §§ 4, 27, the cubic form is irreducible

modulo 3 if, and only if, E + 0.

The relations between T and the remaining invariants are

IT=0,       PT = P-I,       AT=I-P+T,       ET=E,       T2=T.

We obtain the simpler relations* (19) by introducing W= I— P + T, viz.,

(18) W= a2(a20a2xa2 - a2a2 - a0a2a2 + a„a2 - a2a2) + a3(- a2axa2 + a0axa2+a2ax).

Theorem. As a complete set of linearly independent invariants of the

cubic form modulo 3, we may take I, P, A, A2, E, W. The product of any

two invariants can be reduced to a linear function of these six by means of

f I*=I,   IP=I,   IA=IE=IW=0,   P2=P,   PA=PE=PW=0,

'     [a3=a,   ae=e,   AW=W,   E2 = W,   EW=E,   W2 = W.

10. The next illustrative examples relate to the invariants of a quantic in the

GF[pn~\, »> 1. We require the expansion of ->¡r(a + t) in powers of ti

where -^(a) is a polynomial of degree at most p=pn — 1. This can be done

by Taylor's theorem, the coefficient of t' being the quotient obtained algebra-

ically by dividing ^(<)(a), all of whose coefficients are exact multiples of il,

by the number i !. Similar remarks apply to Taylor's theorem for two or

more variables.

* Conforming with the relations ( \ 21 ) between the invariants of the cubic form in the GF\V\.

Note that I— P+T and — A — A* are the only invariants W satisfying the relations (19) involv-

ing W.   Hence there is a single invariant W which can replace T.
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11. Consider the quadratic form (11) with coefficients in the GrP[2"].

Under the transformation (3), a0 and a, are unaltered while the increment to a2

is tax + t2aQ.    Let cp be a polynomial in a0, ax, a2, with exponents = 2" — 1.

Let first n = 2.    Then the coefficient of t in <p' — ep equals

ßi <Pa, + al [ l*.i ] + «o a\ [ \4>-\ ] '

where the indicated divisions of the derivatives by 2 and 6 are to be performed

algebraically and the quotients only are interpreted in the G F [ 4 ].    If we set

3

<p = 2f, Bal ( B'b funotions of o0, a, ),
1=0

the above expression for the coefficient of t becomes, in the GF [ 4 ] ,

ax(Bx + B3a22) + a20(B2 + B3a2) + a0a\B3.

This must vanish identically in a2.    From a, B3 = a0B3= 0 we get

B3= r(al — l)(a, — 1) (r = constant).

The remaining condition * becomes a, Bx + a20 B2 = 0. Replacing cb hy cb — rl,

where I is the absolute invariant (2), we may set B3 = 0. By (8), cb must be

symmetrical in a0 and a2. Hence no term of cb contains the factor a3 or the

factor a3. By §§ 5, 6, the degrees p (and likewise the weights a) of the various

terms of <p differ by multiples of 3, and p m er (mod 3).

Let first p = a = 0. Then <p involves only the terms a3, a0 ax a2, a2 a2 a2,

so that

B0 = la\,        Bx = ma0ax,        B2= ka20a2.

Then m = k by a, Bx + a2 B2 = 0.    The linearly independent invariants f are

/,        a3x,        J= aQaxa2 + a20a2xa22.

For p = a = 1, cb involves only the terms a,, a0a\a2, a2a2, a2aja2, so that

B0 = bax,        Bx = ca0a2,        B2 = da\ + ea\ a\.

By a, Bx + a% B2 = 0, we get d = 0, e = c.    The invariants f are a, and a, </.

The case p m er = 2 may be reduced to the preceding by squaring, an opera-

tion here reversible.    Hence the invariants are a\ and a\J.

*The corresponding conditions from the coefficient of £2are a!.B3 = a0.B3=0, a0Bl + alB1 — 0.

Thus the vanishing of the coefficient of t does not imply the vanishing of that of t2 (but does

that of ¿3, viz., alB3 + a*Bt). In this respect the case of invariants in the G-f[i>n], n> 1,

appears to be in contrast to the case n = 1.

t The remaining conditions from t1 (preceding foot-note) are satisfied.
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For general n, we can prove (cf. §§ 4, 26) the following

Theorem. The independent invariants of the quadratic form (11) in the

GF\_2n~\ may be taken to be ax (which is multiplied by the determinant of the

transformation), I and the absolute invariant

(20) x(«0a2<-3),        where        X(c) m c + c2 + C + • . • + <T\

the last invariant being replaced by a0a2ax in the case n=l.

12. The illustrative examples employed thus far were chosen on account of

their comparative simplicity. As the order of the GF[pn~\ increases, the com-

plexity of the computation increases very rapidly. Certain remarks will be

found to be very useful. While, for n > 1, certain divisions are called for in

the definition of an annihilator 8 (see §§ 10, 11), the actual performance of the

divisions can be dispensed with in the computation of 8eb. For example, in the

GF[32] the result of operating on a term a\a\as2 by 1/3! 1/2! di/da3xda2 is

zero unless i = 3 ,j = 2, while in the latter case the result is CaCj2alax~3a2~2.

It thus suffices to have a table* of the residues modulo 3 of the binomial

coefficients Cr,(ri 8 = 8). In view of this remark, the following permanent

notations will be used for the terms of Soi, the notations not exhibiting the

numerical divisors.    We shall set

1 d'cb 1      d'+}eb
(21) (l*) = rr^-V,        (l'2') = ^-T-,^Tjf1,    etc.
K    J v   '     %\daxf        v        '     i ! j\da\da3f

In the algebraic theory cb is invariant under the special transformation (3) if,

and only if, 8<f> = 0, where 8cb denotes the coefficient of t in ep' — cb. The same

theorem appears to hold in the modular theory when n = 1. In a few cases

(cf. § 8), I have made a direct proof of this statement ; in very many cases I

have secured indirect verification in showing that the computed functions are

actually invariants. But for n > 1 such a theorem does not hold (cf. foot-notes

to § 11). However, it appears to be true that the vanishing of the coefficients

of t, f, f', • • -, i*"""1 implies the vanishing of the coefficients of the remaining

powers (the last one being p" — 1). The importance of this conjecture as a

guide in actual computations is obvious ; its effect on the explicit form of the

invariant is noted in § 17.

13. Consider the quadratic form (11) in the írP[32]. Under transforma-

tion (3), a, and a2 receive the respective increments o", = — ta0, 82 = to, + t2aQ.

Expanding the powers o*2, •• •, S2, reducing the coefficients modulo 3 and the

exponents by means of x9 = x, we write down by inspection (in view of the

*The residues of multinomial coefficients modulo p, a prime, are obtained rapidly by means

of two general theorems given in the writer's dissertation, Annals of Mathematics, ser. 1,

vol. 11 (1896-7), pp. 75, 76.
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simple form of 8,) the coefficient (22) of t and the coefficient (23) of i3 in

ep' — cb, employing the notations (21).

- a0(l) + ax(2) - a»(r2) + a«al(;i>2) - a\(V22) - a;«,(l«22)

-ala2x.(V22)-al(l323) + ala3x(l'i23)-al(12<) + alax(V2*)

+ ala3x(V2') - aX(l824) - 0*0,(2') - aja2(125) + o¡a8(l225)

+ atä(l32s) + ai0al(V2s)-al(V2*)-ai0a1(l»2>)-ala3x(2°)

- a30a\(ls2e) - af,(l528) - o;X(l826) - aX(127) + «Xi1'27)

-a;(l»2") +0^(1*2')-aJa'il^J + a'aiCr^)-0,01(2»)

-(a0 + o0o»)(12«)-oQoI(l»2«)-o,o»(l«2«)-o0o«(l«2«)

- a0aí(l528) - a0a?(l«28) - a0a6(l728) - a0a7(l828).

-o8(l*)-a2(12) + a2a1(l22)-o0a1(22)-a0a2(12î)-a0(r22)

- o0o,(l822) + a3x(23) - o8(l«2s) + o8os(l82s) - o7(l824)

+ alax(V2*) + ala3x(V2*)-alaî(V2*)-al(12>)-aîax(l22°)

- a6o2(l32s) + ajas(l425) + aX(ls2s) + a8oî(l«25) - o»a3(l226)

- ala6x(ls2°) - al(V2*) - ajas(27) + oJai(127) - aja6(ls27)

+ 0¡oí(l*2») - a¿(l«27) + o^a«*) - o0*a»(l827) - o»/»«(2«)

- o8o6(128) - oJoï(l228) - (a8 + a3a8)(l328) - o»o1(l«2»)

aJo2(l528) - a3oJ(l628) - a¡X(l728) - aja6(l828).

We may set
0,..., 8

(24) ef>=   2   Atfa}o^ ( A's functions of n„ ).

Since a8 occurs only in the first term of (22) and (23), we get

Aiia0 = 0 (i=i, ...,8).

Employing these to simplify the coefficient of a\ in the first four terms of (22)

and that in the first three terms of (23), we get

-a)Z'Aiir1-0i2Vp        — o-lTiGaA^af-3.

These must vanish identically in a, = a\.    Hence

4,0,-0 (i-1, 8, ...,8),     48 = 0(i=l,...,7),     A„a0-AK-An=0.

Before examining the further conditions we shall introduce a decided simplifica-

tion.    From  Asga0 = 0,  Am = A (a8 — 1),  k  a  constant.     But  the   term

Trans. Am. Math. Soc. 15
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ka\a\a\ of <p is unaltered by transformation (4). Hence »i; is zero unless cb is

an absolute invariant. In the latter case, we replace cb by cb — kl, where

/ is the absolute invariant (2). In either case we have AK = 0. Then

Ayttg = 0 (i 4= 0) implies A<i=0. For, then Aij=c(a% — 1), while a%a\a{

is not a term of cb. If it were, then would a{a\a\ occur in <p since cb must be

unaltered by (5) and hence by (8') of § 8, whereas Am — 0(i = l,.-,8).

We next examine the coefficients of a\ in (22) and (23), then those of o2,

etc. At each step we utilize the conditions previously found. In view of the

above result and the fact that the binomial coefficients Cj2 (i = 3, 4, 6, 7),

(7M, C65, C1b are multiples of the modulus 3, the determination of the coefficient

of a\ may be done readily by inspection. The resulting conditions,* including

the earlier ones, are :

Aa- 0(i -1, •. -, 8), A„ =0(i = 1, 3, • • -, 8), Au=0(i = 1, 3, 5, 6, 7, 8),

^=0(1 = 1,2,3,4,5,7,8), Ja-0(i-l,8,4,5, 7),
(25)

Ai3 = 0(i = l,3,5,l), Ai2 = 0(i = l,2,3,5,1,8),

AiX = 0(i = l,3,5,l), Ai0 = 0(i = l,3,5, 7);

Am = ^27ao> A2J = Atea0, Am= — A26a0, Ati= -4Ma0, A27 = Aual,

A05 = A2ia0, Am= AMa0, A64= — Ae3aQ, Au= Aaa0, Au = A^a3,,

At = Anah AiS = Aua2, Am--A62a3, Au-A3Xa3, A6i=Aaa3,

(26) Ai2 = AMa¡, Aei=Agxa0, AQ2 = A2Xa0, A^a^ A0i + Au+ AMa* = 0,

Al«2=^23a0'   AU-AtP>\>   i21=V(|-i63a5'   Al + Ama0+ A*,al = 0>

Aoao + A» + An + Aiao = °> Aa = A*al - Ai«2>  Atí = - Aaxa2,

A23 + ^80ö0 + AMal>    A03 +AS3+ A60«0 ~ AX = 0"

We note that each A„ not in the set (25) has a non-vanishing value in at

least one invariant given below.

In the notations of § 5, we have here

(27) e, + 2e2 m 2e0 + e, = d    (mod 8).

Consider first the absolute invariants, so that d= 0. For e, = 8, e2 = 0 or 4,

we ^ave e0 = 0, 4 or 8. The value e0 = 8 is excluded, since (as shown above)

a80a\aef is not a term of <f>.    Hence we may set

Ast = e+/aU        Am = l + ma\,        AV) = X + pAi\ + va\.

* Those in set (25) and likewise the remaining ones occur approximately in the order of their

determination. Obvious simplifications have been made in the latter conditions. Certain con-

ditions, have been omitted as being simple consequenoes of those retained.
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By (27) the only further non-vanishing Ar are the following, whose values are

derived at once from the non-identical conditions (26) :

A65=eao+Al<  Av=™l+fal,  Am=ea*+fa¡,  Aw = ea2+fa%,

Ai2 = ea«+fa¡,   Aa=-(fi+l)a¡-(e + m)al,  A6X=-(f+l)a0-(e + m)a¡,

A0i=-e+(l-fi)a* + mal

The necessary and sufficient conditions that the resulting function (24) shall be

unaltered by (5) and hence by (8') are m = e, p = — e, i»=0.    The indepen-

dent parameters are thus e, f, I.   The coefficients of I and f are A4 and A8 — A4,

respectively, whei-e

(28) A = a\ - a0a2

is the discriminant of the quadratic form.    The coefficient of e is

Q = o«o| + ala\ — a* + %a\a\ + a3a2ar2 + a*0a\

(29)
+ a2a\a° + a%a\a\ + o;o*o> + ojofa, - a* + ala*.

By way of check we note here the important relations

(30) Q2 + A8 - 1 = I, QA = 0

Next, there is no invariant with d = 1 (mod 8). Indeed, each of the nine

AH e¡¡ for which e, + 2«3 = 1 (mod 8) is zero by (25). There is no invariant

with d = 3 ; for, if so, its cube would be an invariant with d = 1. Similarly,

the cases d m 1, d = 5 are excluded.

In an invariant with  d m 2 (mod 8), the  possible  non-vanishing A., are

-¿2o> An An Aa' A3> An As- Now Ai is a linear function of otf and o*

by (27). But a50 a\ a2 is not a term of <p in view of (8'). Hence Asx = la0.

Similarly, ^420 = r + sa*.    Then the seven non-vanishing conditions (26) give

A62=la¡,   A0¡=-lal,   A2i=-la*,   An=-la\,   AM = (I -r)o,- soj>.

The resulting function ep must be unaltered by (8') ; hence s = 0. The coeffi-

cients of r and I are A and A5 — A, respectively. By cubing, we conclude that

the only invariants with d = 6 (mod 8) are the linear functions of A3 and A7.

Finally, for d = 4, every A{ vanishes except Am, A2X, Aa2, Aa, AM, while

Am = c, A2X = ka9.    The four non-vanishing conditions (26) give

A02=ka2,        Ae3=(c-k)a3,        ¿„-(c-i)oJ.

Forc = /fc = l, <p = A2; for c - 1, k = 0, <p = A6.
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Theorem. Every invariant of a quadratic form in the írP[9] is a linear

function of I, Q, A*(i = l,--,8). As independent invariants we may take

Q and A.

14. The results of §§8, 13 on the invariants of a quadratic form in the

<rP[3n], n = 1, 2, may be given a simpler form, better adapted to the exten-

sion to the case of general n.    We set

(31) J=Q + A2-l(tovn=l),        J=Q +A*-l(îom = 2).

Then in each case

(32) JA = 0,        J2-J=I,

as follows from (30) and the similar relations for n — 1. The importance of

the introduction of the invariant J lies in the simplicity of relations (32) and in

the factorizations

(33) J=(o0 + l)(o2+l)(a2 + o0a2-l) (for» = l),

(34) «7=(ai + l)(a2*+l)(of + oio|+o0o2a«+a3a3af + a'o|oi-l)     (forn = 2).

For general n, the corresponding function is

(35) J= (o; + l)(o; + 1) | ¿ oja«o2-2i - l),

where v — |(8* — 1).    The discussion in § 15 will apply here since (28) and

(35) are unaltered modulo 3 when o, is multiplied by 2.

15. Consider the quadratic form* in the GF[pn~\, p > 2,

(36) o0x2 + 2axxy + ay.

We investigate the function J given by (35) for v =■ \ (pn — 1 ). It is obviously

unaltered by the substitutions (7) and (8), so that the proof of its absolute

invariance f depends only upon the verification that it is unaltered by the trans-

formation (3). Let J' denote the function (35) of the transformed coefficients

a'Q, a[, a'2. Here a'Q = a0, A' = A. As shown below, JA = 0, J'A' — 0.

Hence if A 4= 0, J = J' — 0. Let next A = 0, so that a\ = a0a2, a, = a'0a'2.

Then the sum in (35) equals (v + l)ay0av2. Now v + 1 = \(pn + 1) is the

mark \ in the field. Hence the final factor of «/equals J«J«2 — 1. If aa is a

not-square, a¡¡ = — 1, so that J~= 0, j" = 0.    If a0 = 0, then ax = 0, while

♦If we employ (11) instead of (36), we must introduce the factor 4* under the summation

sign in (35).    For the essentially distinct casep = 2, here excluded, see §11.

f The existence of an invariant independent of 1 and A follows from the canonical form theory

(§26).
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the form a2y2 is unaltered by transformation (3). Finally, let a0 be a square

4= 0, so that o¡¡ = 1.    Then

J = (o; + 1)K - 2),        J' = (a'f + l)(a'f - 2).

Since o0 a2 is a square or zero, o2 is a square or zero, so that a2 = 1 or 0 ; in

either case J= — 2.    Likewise J'= — 2.    We have now proved the following

Theorem. The quadratic form (36) in the GF[p"], p < 2, has the abso-

lute invariant J defined by (35) for v = \(pn — 1).

We next prove the following relations, which reduce to (32) for p = 3 :

(37) JA = 0,        (J+1)2 = I+1,

so that, for the functions obtained from I and J by deleting their constant

terms — 1, the one is the square of the other.    We here have

(38) A=o2-o0o2,        I=(a2f-l)(a2f-l)(a>-l).

Since a2v+1 = a, a simple change of summation indices gives

JA = P(a0a2-a^xal+x),        P m (o; + l)(o; + 1).

Then JA = 0 follows from

(39) a"+ka"2+kP = (a2f^+a^k)(a2f+k+a^k)=(ak+a^k)(a\+a"2+k)=alak2P

(*>o).
To determine J2, call a the last factor, £ — 1, in (35)-    Then

(o2; + l)2cT2 = {o2/-l + 2(a:; + l)}tT2:-(a2"- l)(a2f-l) + 2(a'2 + l)cr2,

since (a2" — 1 )a = 0.    Modifying (a\+ I)2 similarly, we get

J2-J_2(oS+l)(o|"-l)(o2--l)+2(^+l){-(a2;-l)(o2--l)+2K+lX}

-7+2P{(a2-'-l)(2-o;-o2") + 2CT2}.

Now

a = a2f-l + ala¡ + Z, £ ■ Z «j < aî""2< >
»=i

a»-(a2--l) + 2(o2--l)aJa^ + a2"a22" + 2aïo2'5: + E2.

Since 2J= 2Po-, we have

J2 + 2J=- /+ 2P {(a2- - 1)(1 - al - a\ + a\a\) + L } = 1+ 2PL,

L m a-lal + 2o20"a2" + SoJ^a2"- 1) + 4a'aa\Y. + E + ¿Z2-

Hence (372) will follow if we show that PL = 0.    In view of (39),

PL = P(3o^a2" + 5Z + 2£2)-
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The second member may be shown, by means of (39), to equal

P(2i»+l)(oSa$o2" + E),

and hence vanishes in the 6rP[y ] , since 2i» + 1 =pn.

16. This section and the four succeeding sections will be devoted primarily

to the exhibition of a remarkable absolute invariant E of degree p=p" — 1 of

the binary cubic form in the GF[pn~\ , and to the simple relation between E

and the discriminant A of the form. Except for the case p = 3 (cf. § 9), we

shall write the form with binomial coefficients

(40) a0x3+3alx2y + 3a2xy2 + a3y3.

Under transformation (3), a,, o2, o3 take the respective increments

(41) S, = ta0,        S2 = 2to, + fa0,        83 = 3to2 + 3<2o, + faa.

For each term (§ 5) of an absolute invariant ep we have

(42) 3e0 + 2e, + e2 = rp,        e, + 2e2 + 3e3 = sp        (r,s integers).

The condition that the term shall be of degree p is r + s = 3. For r = 3 and

r = 0, we obtain the respective terms

(43) o£,        a*.

The general term with r = 1 is

(44) a'fa'^a'fa'f,        3ea + 2e, + e2 = ft,        ex +2e2 +3e3=2p.

In view of (5), an invariant cb must be unaltered by the substitution

(45) a'0=—a3,        a'3 = aa,        a[ = a2,        d2 = —ax.

For p = 2, the signs may be taken positive. For p > 2, p is even, and hence

e0, e2 ave both even or both odd. Further, we cannot have e0 = e3 and e, = e2

in a term (44). Hence each term (44) of cb is accompanied by another term,

not of type (44), having the same coefficient as the former. These new terms

give all the terms of cb for which r = 2, s = 1 in (42).

In all the cases, viz., for pn = 2"(n = 1, • • -, 5), 3" (n general), 5, 7, 11,

13, in which I have actually constructed an absolute invariant E of degree

p =p" — 1,1 find that the two terms (43) do not occur. Excluding those terms,

we have the simpler * problem : to construct an absolute invariant E whose

terms are those given by (44) with suitable coefficients, and those derived by

applying the substitution (a0a3)(axa2).

Since the exponent of o3 is at most §/».    By (41), the powers of <S3 are complicated.
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The results for the case n = 1 are very simple ; all the terms just mentioned

actually occur in E. The cubic form with coefficients modulo p, a prime, has

an absolute invariant K of degree p — 1 containing 2k terms, where k is the

number of partitions of p — 1 into 3e0 + 2e, + c2. For p = 3, E is given

by (14). For p 4= 3, the results relate to the notation (40) for the cubic form.

Then, for p = 2, E = ax + o2. For p = 5, 1, 11, 13, the expressions for K

foljow in that order. The first terms in the parentheses are the terms (44),

arranged so that if two terms have different exponents to a0, that with the lesser

precedes, while, if the exponents of a9 are equal the term with the lesser exponent

to ax precedes. The second term in any parenthesis is derived from the first by

the substitution (a0a3)(axa2).

(46) (a\+a\)-(axa\a3+a0a\a2)-(a\a\ + a\a\) + (a0a2a\ + a\axa3), £P[5].

(41) ("'+«.) + 3(a>«2*«3 + aoaí«2) + S»2«2 + al«) + «al + aK)

1    > +3(ay2al + a\a\ai) + 2(a,axa2a\+a\axa2a3)+(a\a\+a\a\),  C7P[7].

(a2°+ol0)-3(a1a8a3+a0a8a2)-3(o12o8a2+o02oja2)+4(o3o*o3 + a3oia3)

+ (a\a\a\ + ojojoj) - (a\a\ + a\a\) + 6 (o0a7a32 + o02o7o3)

(48)  +6(o0a1a8a3+o3oîo2o3)+5(a0a2a3o*+aja3a22a3)-3(a0ofa2a»+ojo,a3os)

+5 (aXo* + a\a\a\) + 4(a\axa\a\ + a\a\a2a\) - (a\a\a\ + a\a\a\)

+ (a3o2o8 + o||a1a3), £P[11] .

K+al2)+5(o1o2°o3+o0o;X)+5(o2^aH«o«i«2)-6(«i«2«3+«?«î«2)

+6(ay2al+ayxat)+2(ay2at+a.yxai)+2(ay2al+ala.y2)+(ay3+ay2)

-3(ay2a23 + ala\a3) + 2(a0ala\a\ + ala\a2a3)-3(ayxa\a\+ala\a2a3)

+ H%a\a32al+ala3xa32a3)-3(ayxa2a¡ + a¡axa¡a3)+4(a2ay2al+ayxa2a¡)

-3(a02a2o2o« + aja2o22a2)+ 3(o2ofa7 + o70o3o2)-6(o3o»o8 + a«o3a3)

+ 2Ko1a2a7+o>1a2a3) + (aX + aX), GF[13].

(49)

17. For a cubic form in the GF\_pn~\ , n> 1, the invariant E of degree

p = p" — 1 does not involve all the terms (44). Indeed, when the multiplica-

tive constant is suitably chosen, E is identical* with Ep, so that a term (44)

occurs in ÜTonly when

(50) !>%]+ I>S] + [>S]+ l>S]=»"- («-1. •;—l),

where [x] denotes the least positive (or zero) residue of x modulo p. Inversely,

E contains every term (44) satisfying conditions (50). In exhibiting an

invariant, we enclose within a parenthesis terms derived as follows : first a term

(44); then in turn its pth, (^>2)th, • • -, (p"~x)th powers, when they are distinct

* The explanation of this property appears to lie in the fact noted at the end of § 12.
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from the first term ; finally, the terms derived from the preceding by the sub-

stitution (o0o3)(ii,a2), when they are distinct from the preceding.

18. For a cubic form in the GP[2n], the absolute invariant iTof degree

2" — 1 contains exactly 2" terms. We exhibit E for n = 5, arranging the

terms as explained in §§ 16, 17.

(51) K+«i), GP[2].

(52) (a32 + a\) + (a0a23 + ala3), GF[4].

(53) (a\+a\)+(ay2a\+ala2a\+a\a\a3+ala\a3+a\axa23+a0a2xai3), GF[8].

« + a}5) + (ay22a\ + a,yy3 + ay2a\ + a%a\a3 + a2aj2a, + ajo'a2+ ao«îa3

(54) + ayy3) + (ayxa\a\ + ayxa2a\ + ayxa22a3 + aya'a2) + (ay + axfas3),

GP[16].

(a31 + <) + (ayfa\ + oJo»a¡ + ayfa¡ + a\a\axf + axfaxfa3 + a\a2fas

+ a*aafa\ + a8«i9o* + alfa\a¡ + ayfa\6)+(ayxa22ia\+a2a[axfa\ + ayxa32a\t

(55) + a% a\e a% a3 + axf o, a\2 a2 + a* a2* a2 a3 + aldfa^a2 + alfa3a\a\ + a0a«a'6a|

+ ala\2a2a\') + (alax2*axf + dfa2a2f + a2fa2a\ + ay2a\* + al»ay3+a^fal

+ a2" o, a\o + a\ a* a§° + o>« a\ a\ + a» a\ a\* ), GF [32].

19. For the cubic form, with coefficients in the GP[3B],

(56) a0x3 + ra,x2y+ a2xy2 + o3y!,

we can determine immediately the absolute invariant E of degree 3" — 1 in

terms of the absolute invariant P, given by (9), and the discriminant A of

(56), viz.,

(57) P = (af-1-l)(af-1-l),        A = a\a\- aaa\ - a\a3.

In fact, the invariant E is simply the reduced form of

(58) K= A^-1"2 - P + 1.

The reduced form of X depends upon the character of the product

n-2

(59) 7T-A»"-1, 7T=n>3'-
1=0

But in the GPfS"], we have

A3' = (axa2)2*'-ofef1 -a3'a3M(i <n-l), A** = (o^)23"1 - a3"\- a\r\.

Now every term of the expanded product it is of degree

n-2

4£3'=2ii,        d = 3~x-l.
1=0
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Further, w = (axa2)d + a, where each term of a is of degree higher than d in

one of the letters ax, a2. Indeed, if we employ either of the last two terms of

A3""' the resulting term of the product it is of degree s£ 3"-1 in a, or a2. Hence

the statement follows by induction from n — 1 to n.

It now follows that, in the complete product (59), a term is exactly of* degree

3" — 1 if one of its factors is chosen from the last two terms of A3""1.   Finally, in

ir-(axa2f-3'-x=(axaff-i + a(axa2)2-3"-1

every term, except the first, is of degree higher than d + 2 • 3n_1 = 3" — 1 in

one of the letters a,, a2, and hence admits of a reduction in total degree (by

means of the equation a3'=a, satisfied by every mark of the field) from

20" + 4 3—1 = 2(3" — 1) to 3" — 1. The exceptional first term cancels a

term of — P. Hence every term in the reduced form of the absolute* invariant

(58) is of degree 3" — 1.

In the expansion of (59) no two terms have the same set of exponents, so

that there result 3" distinct terms, no one identical with a3f~x (j = 1 or 2 ).

Hence the reduced form of (58) contains exactly 3" + 1 terms. For n = 1,

they are given by (14) ; for n = 2 by (75). For n = 3, I have verified that

the terms of X obey the laws stated in § 17. As these (empirical) laws were

formulated from another standpoint (and in fact prior to the investigation of

the present case p = 3), we have independent evidence of the validity of the

conjectures.

From (57) and (58) we deduce immediately the important relation

(60) (A<,"+1>/2-A)Jrir=0.

Indeed, AP = 0, so that

AE= A(3"+1>/2 + A,        A(3n+,)/27JT= A3" + A(3"+1)/2,        A3" = A.

20. The discriminant of the cubic form (40) in the GF[p"~\, p 4= 3, is

(61) A = —. 3a\a\ + 4o0a\ + 4a\a3 — 6a0a,a2a3 + a20a23.

Now the invariants X, given by (46)-(49), satisfy the relation

(62) (A<v*+»/2-eA)X=0,        « = (-3)^--^,

« being +1 or — 1 according as — 3 is a square or a not-square in the

GF[pn~\, p>3. If we define A to be the function (61) multiplied by — 3

(or by — 3\2, \ any mark 4= 0 ), relation (62) is replaced by the simpler relation

(63) (A^"+1'/2-A)/r=0.

* Under a transformation of determinant D, the discriminant A is multiplied by D6, so that

A(»"-i)/2 is an absolute invariant in the GF[ 3" ].
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Theorem.* If the indeterminate constant factor in the discriminant A

of a cubic form in the GF[pn~\, p>2,be chosen so that the coefficient of

a\a\ is a square in the field, then A and the absolute invariant Xof degree

pn — 1 satisfy the relation (63).

21. Consider next invariants of -the cubic form (56) in the GF[3n~\.

Under transformation (3), the increments to a2 and o3 are —to, and to2+ t2ax +faa,

respectively, while o0 and a, are unaltered. The case n = 1 was treated in § 9.

Let here n = 2. Then the coefficients of t and t? in ep' — cb give the respective

annihilators : f

-o,(2) + a2(3) + a0a6(263) -a8(273) + a\a2(233) - a\a\(2332)

-ayx(2*32) + (ayxa2-a\)(2^32)-a\a2(2^2)-a\a\(2-'32)-a3t(33)

- a\(2333) + a6a3(2«33) + a3aj(2833) + o0aj(34) - aj(234) + a?a2(2234)

- a0ay2(233*) + a\a\(2^) - a\(a\ + a4)(2534) + a3a7(2»34) - a\a\a2(T3*)

(64) + o0a3(2834) + (ay - <a2)(3°) + (aüa\a32 - «4a2)(235) + (ay + a4<4)(233«)

+ (ojajo» - a„o2)(2635) - a*o*(3*) - a3a»(2236) - a3a«(2336)

+ (a\a\a32- a3)(2*3«) - <a7(2736) - «3a3(283«) + (aQa\ - o»o¡)(8*)

+ (ayxa2 - o2a28)(237) + (a\a\ - ayxa32 + a0a8)(2237) + (a3yxa\ - a2)(2337)

+ (a*0axa32 - a30a3xa22 - a0d[ - axa72)(3¡i)-

- a\(23) + a0(3) - a2(23) + o2a2(223) + a0a8(283) - a,a2(32) - a,o2(232)

^ o2of(2s32) - a0a7(2632) + (a0a\a2 - a,)(2732) - a,o2(2832) + a|(33)

(65) + a3 a2 (22 33) - a8 (2s 33) + a\ of (2833) + a3 a,(34) - a3 a, a2(234) + a0a\ (2234)

- a7(2334) + a7a2{2434) - a0afa3(2534) + a\a\(2634) - (a\a\ + a'a4)(2734)

+ a3a,(2834) + (a\a\ - a0a4)(35) + (a0a\a2 - as)(235) + (a0a[al - o«a2)(233s)

* If, instead of the mere verification of this theorem for the computed invariants K, we had a

direct proof, it would be of decided aid to the computation. We may compute K by means of

(63) alone. For example, let j>" = 3s, and give K its necessary form (75) with the four paren-

theses multiplied by 1, m, «, r, respectively. In (A5 — A ) K, we readily find that the factor

of a\ is (s — r )o0ajaj— (s + m)a\a\, while the terms independent of ax and a3 are

(a — l)(aj¡a" — a0oj).    Hence—m = r = » = l.

In general, tjie labor of determining the high power of A would be great. We may, however,

employ only the first two terms of (61) and so readily compute the terms of (63) independent of

as. We thereby get the coefficients of the terms of <t> independent of as. The coefficients of the

terms involving a, to the first power are then either known or else ocour in the terms involving

a| ( e ä 2 ), in view of (45). The work with the annihilators is now greatly simplified. It suf-

fices to find the coefficients of n", •• -, oj, a\, in turn, where r is the greatest integer in

2/3 ( pn — 1 ). We need only a part of the annihilators ; for instance, the derivative with respect

to a3 need not be of order higher than r — 2.

t We have omitted the terms (2<38), í£l, (2¡3'), »S4, (2'35), ( = 3, 4, 5, 7, 8 (which
have long coefficients), since they have no effect upon a function <p satisfying (67), the binomial

coefficients Cm ( i ■— 2, 4, 5) being multiples of*3.
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+ (a\a\ + a3a\ - o4o«<z2)(2635) - a\ax(236) - a¡a¡(223e) - o3a7(2436)

- a\a\(2>3«) + (a3a]a3 - a=)(2736) + (a^a, - a4o^)(37) + (a4«4 + a4a4)(237)

+ (a0a2al - o3a*)(2237) + (o3a6a2 - a4a62)(2337)

+ (a*a\a2 — a3a\ — a0axa\ — a\a\)(33).

We may set
0.s

(66) <p=   Jj   B^a^a^ ( B'a functions of o0, %).
*J

Since a8 occurs only the first term of (64) and of (65), we get

Bi3ax = 0 (i = l,--,8).

In view of these relations, a\ occurs only in the first two terms of (64) and the

first two terms of (65). The resulting sets of conditions react on each other

and give the first two conditions (69) and

Ba=0(i = l,...,l),        Bi7ax = 0(i = l,4,5,6,l,8),

together with Ba&a0 = 0.    From the latter and Bssax = 0 follows

Bss = k-rr,        7r=(o8-l)(o8-l).

Hence on replacing (p by cb — kl, when 7/ is the absolute invariant (2), we have

Bgg = 0. If both P. a0 and 2?„ a, vanish, then B„ = err, and hence P. = 0

in view of (16).

We consider in turn the coefficients of a\, • • •, o3 in (64) and (65) and finally

the terms * independent of a3 in (65). The process of writing down the two coeffi-

cients of a3 is simplified by holding in mind those of the relations (67) and (68)

which have been found in the earlier steps. The two resulting sets of condi-

tions react on each other very considerably, and some further simplifications

result from the earlier conditions.    The final results are as follows :

(67) 7^=0(i=l,.-.,8),    p7=0(i=l,4,...,8),     P5=0(i=2,3,4,5,7,8);

(68) P6o, = 0(i=l,7,8), P4o, = 0(¿ = 5,7), P2a, = 0(i = 3, 5, 8);

together with the set of conditions, referred to as (69):

jB08 = P27ai>   -S08C!0=- P)7ai'   B<St= — P>6ai'   BV=— B56ai1   BV =  B* °l '

Bn%=-Bma\> Bv%=Bxa\, Bm%=BMa3n 5i5«i=-5o8ao' Bva\=Bo*i

* Those in (64) are not required in Computing the invariants ; they were determined directly

for each invariant and found to vanish, thus giving a check.
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B6S = BUaH   BU=*-B2iall   505 = 524«1>   Buai=-BS,al'   B<* % «-^37'

^81«!  =  ^27'   Bliai +  BtoaA + Bm< = 0»    B«a\ - - A»°0»   ^07 =  564ßl*

Bo,ao=Bi!,al-BMal Bt*=Bm< B^=Bnal-Bsäa^ Bu=Bmal+Bnav

BU = B^al    BM = B<S< - B*a!,   B2A = BK< +  £«°1 - PmO«,

*i4 = ^26«o - Bua0a\, B0i + Bsl + B^a, - Bxta¡ + Bi6a\ = 0,

Bua0a6x = BX3ax + Bma\,   Bm= Bua0,  Bi6 = B7ia0 + B3ia2x,  B36 = B6ia0,

B2S = BU% + Bmai>   BH = B«a0+ BtX>   B0S+K = P>4 «0~ BU «Î + 563«N

^76 - ^24«0 - Btoal - B0Zal    B<* = Al«0 ~ B2*aî ~ #« «Î ~ P>5«1>

504«0 = ^33«!  + B26<a2 ~ -S»«?.   Pl2«l = 505«0'    ^22«!-AS«0'

•B««! = - -B««! - 508«13'   A5 = -  P««?.    P« = - Baal>   ^65 =  542 «Î>

572=584«0'  562=-B8iai + 574a0'   B52= Bh<+ Btfl\-B71 «1 •   P«=-B«OÎ+ 527«S,

^32 = ^51 «1 + ^44^'    522 =  ^34 «0 +   P)7 °î ~ 541 «1 .   ^12 =  524<

^02 +  P82 = 521«1 - P72a0«l + Bual   Bt2%< = B0i< + BSi<ai - ^11 «H

BS4 = BV «0 »    BU = ^72 «0 I  BH = ^62 «0 ~ ^84 «0 «Ï »    524 = ^52 «0 ~ ^81 «1 »

Al = ^42 °0 - B71 < .    ̂ 04 + 584 = ^32 «0 ~ Pil «1 ~ B21 «Ï'   574 = ^22 «0 + Al «Î «

B6i + 522 «î = BX2 «0 + ^41 «i' .   Pl2 «1 = P>2 «0 + 531 «î '    5M+ 581 «0+^72 «1 = 0 •

^43 + ^na0+^62«l = 0'    ^33 + 561«0-^71«î=0'    Bn + BU «0+ ^80 «1 + ^84 «ï = 0 »

BX3 + BiXa0 - BiXa\ + Bna\ = 0, B03 + BM + B3Xa0 - Bna\ + Beoa¡ = 0,

B73 + B2Xa0 + BXîaï-B60a3x = 0, BM + Bxxa0- B2Xa\- 502o,- P„o»-0,

^Ol^O - Blia\ ~ 530ai3 + B23alal - 563«1  + 504a0«l + ^«O«! = 0"

The general term of cb, in the notations of § 5, is

(70) aefa? aefa'f,        3e0 + 2e, + e2 = d,        e, + 2e2 +3e3=d    (mod 8).

For use in the later cases, we first determine the absolute invariants, viz.,

those with d=0. If P^o, = 0, then e, = 0, and hence B = 0 unless

e3 = 2e2 (mod 8).    Hence by (68),

(71) BX6=Baß=B^Bn=B32=BS2=0,    i?76=ca30(a8-l),    P52=¿a0(a8-1).

YorlBçj, c, = 7, €0= 0 or 8 ; but a\a\ does not occur in view of (16) since

Bn = 0.    Hence B^ = ra\, r a constant.    Then Bm = ra\, B^ = — ra0ax,
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etc., by (69).    But A* and A8 are absolute invariants, A being the discriminant

(57), and

(72) A8 = a¡a\ + a\(a\a\ - a,a\a3) + • • •.

Hence if we replace cf> by cf> — rA8, we may set r = 0.    Hence, by (69)

(73) P,8, Bm, B^, Pjg, Ba, Bm, BXi, Pw,

BU,BU, P73, B^B^, B72, Bsx aU vanish.

Now cb must be unaltered by substitution (16) and hence by (aaa3)(axaf),

since e0 and e2 are both even or both odd, by (70). Thus, from (71),

Bi3 = cald[. Note that from B„7 =— ca\a\, we can conclude initially only that

¿?M = — coj + pa\a\, but subsequently that p = 0 since POT = 0. In this way

we readily find that conditions (69) are all satisfied if and only if, in addition to

(71) and (73), the following relations hold :

P3 = cald[, B03 = — cala\, P8l = ka\a\, Box = — ka\a\, PM = — ccj,

Po« = — cojo}, Bm= — ca\a\, B3e= — coj, Blt=ca<>dxt, B^ = ca\ax,

■"26 == ^^0 ^1 »  -"2A ==  — "^0 1   £*02 ==  — Ka¡j ax , X>05 = — A/Oq Oj ,  X> ,2 =  — A^Oq ,

P62 = »fco2, a}, Pn = — ka0d[, k = c, P41 — P31 = P^ = 0, PM = ca^aj,

Bi3 = ca^a], Bi3 — — ca\a\, Bn = wa\ (to new parameter), B& = wa%a\,

BM= —wo}, Pk,= — wa\, Bxx — — (k + w)a\a\, BK= — (k + w)a<)al,

Btl = wax, Bxo = wa0a"x, P^ = po = Bm = Bn = B13=0,

Bm = l(a\ — 1) — w (I new parameter), BM = — (w + l)a\ + constant.

For convenience, we take the constant in Bw (the absolute term of eb) to be I.

Then there are three independent parameters w, I and c = k. The coefficient of

the latter is the negative of the absolute invariant (of degrees 24, 16, 8) :

W= a\a\a\ + a\ {— a¡(a\ — l)a¡ + ala3 — a\a\a\ + a\a\} + a\alax

+a\(a\a\—a%a\a\ +a\a\—a0a\a2) + a\ {— ae0d[( a\—1 )—ala\a\ + a\a\a\+a0axa\ )

(74)
+ a\{—ala\a\ — a0(a\ — l)a\ + a\a2 + a\a\}

+a3{— ala\(a\ — 1) + a0a\a\ — a\axa\ + a\a3xa2}.

The coefficient of I is the invariant P, given by (57). The negative of the

coefficient of w is the absolute invariant of degree 8 (see § 19) :

(78)   X=a\a\+aKa^al—a\a\)+a3(ala\a2— axaX)+a\+ayt—a\a\a\—a0dia2+a\.
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Now X= A4 — P + 1, in agreement with (58). Hence the absolute invariants

are the linear functions ofI,P, W, A4, A8. The system should be closed also

under multiplication.    In verification, we note the relations

P=I, IP=I, IW=0, IA = 0, P2 = P, PW=0,
(76)

PA = 0,  W2 = W, WA* = W.

Let next d m 1 (mod 8). Then B^Hax = 0 implies B=0 unless e3 = 2e2 + 3

(mod 8). Hence the P. in (68) all vanish. For Bn, c, = 0 or 8, e0 = 5 ; but

«Jo, does not occur in view of (16) since B35=0. Thus Pw == coj. Also

Bu = ral a\ • ^ut one °^ relations (69) is PMo, = Bw. Hence J5W = PM = 0.

In view of relations (69) and the invariance* of ef> under (16), we readily find

that the only non-vanishing B are the sixteen for which i, j range over the

exponents of o2, a3 in the following invariant, the value of P. being the product

öf a fixed parameter I by the coefficient of a2 a{ :

a\ala\ + a8(aJo,o| — a\a\a\ — a0a¡) + a\(a\axal — aeaa3xa2)

(77) + a\(— a\a\ — a0a4a!j — a7,«4, + ala\a\—ala\a2+ala\) + a32(— a0a\)

+ a3(a\a\ + a\a\a\ + a\a\),

which equals - E3, E being given by (10).    By (82), E3 = AE.

For d = 3 (mod 8), we conclude that E is the only invariant. Indeed, the

operation of cubing is uniquely reversible in the GF [ 9 ]. Similarly, the case

d = 2 reduces to the case d = 8, and d = 7 to d = 5.

For d = 6 (mod 8), we may set 2?08 = ka60a6x. Then Bw = ka\a\, etc. If

we replace ep by eb + kA W, where

(78) AW= al(-alal) + d>3(a\a3xa32 - a\a\a22 - <o,) + ...,

we may set k = 0. The resulting invariant is easily found to be a linear func-

tion of A and A5. Hence for d = 2, the invariants are the linear functions of

A3, A7 and A3 W3 = A3 W.

For d m 4, we have B^ = da*0 a], i?og = »ioj a\, B^ = — da\ o,, Pw = da\ d[,

etc.    We replace eb by ep — dA2 W, where

(79) A2W= a\a\a\ + a\(- alaxa32 + a\a\a\ + a\a\) + ....

and hence may set d = 0. The resulting invariant is readily found to be a

linear function of A2 and A6.

* Here a more exacting condition than for d es 0.    Thus Blx = maaa\ yields m = 0.
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For d = 5, we have P27 = ra0o4, BQS = ra0a5x, B37= —ra\a\, etc. We

replace eb by cb — rA3E, where

(80) A3P = a\ a0 a\ + a\ ( a0 a\a\ - a\ a\ a\ ) + ...,

aqd easily find that the resulting invariant vanishes identically.    Then for

d = 1, the only invariant is (A3P)3 m A2E, by (82).

Theorem. The cubic form (57) in the G F [9] has exactly 18 linearly

independent invariants.    These may be taken to be

(81) 7,P,AÍ(¿ = 1,...,8),        A!W,AŒ(j=Q,l,2,3).

The product of any two invariants can be reduced to a linear function of

these 18 invariants by the application of relations (76) and

(82) IE = PE=0,      WE=E,     E2 = AW,     A*E=E,     A9 = A.

22. The invariants I and P of the cubic form in the GF\_3n~\ can be

expressed in terms of a single invariant Y.    Thus

(83) Y = I+P,        I=Y-Y2,        P=T2.

For n = 1, W= E2 by (19).    For n = 2, we have, by (76), (82),

W=WA* = E2A3.

Hence we have proved, for n=l and n = 2, the following

Theorem. The invariants of the cubic form in the 6rP[3n] are all

rational integral functions of the three fundamental invariants Y = I + P, E,

and the discriminant A, where I, P, E, are defined in §§ 1, 3, 4.

23. For the cubic form in the GP[2n], the power 2n_1 of the discriminant

a\a\ + a\a\ gives the invariant

(84) D = a9a3 + axa2.

The éliminant E (§ 4) is a0a3tr, where for n = 1, 2, 3, respectively, it equals

2>„      Z«? + PK + o»),      2>T: + x + /*.

X being the expression in the second parenthesis of (53), and

p = axa\a3 + a9axa\al + a\axa\ + a,ya\a2 + a\a\a2a3 + a\a2a\.

Thus a0a3p = axa2X.    Hence, in each case, P= DX, Xbeing given in § 18.

For n = 1 or 2, every invariant is an absolute invariant.    This is evident

for n = 1.    For n = 2, we add the congruences (70), the modulus now being
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3 ; there results 0 = d (mod 3).    By use of the annihilators, I have found the

invariants

(85) Rn=x = a0 + a3 + a0ax + a0a2 + axa2 + axa3 + a2a3,

(86) Rn=2 =a0 + a3 + a0a\ + a0a\ + a„a\ + a\a3 + a\a3

+ a\a3 + a\axa2 + axa2a\ + a0axa2a3,

and have proved that, for n = 1, 2, every invariant is a rational integral func-

tion of D, E, R.    In particular, an expression for (2) is

(87) J-(P»-1)(P>-1)(P''-1),       p = 2»-l.

For n = 1, every invariant is a linear function of D, E, R, DX, DR.

Any relation between these follows from XR = 0, D2= D, X2 = X, R2 = R.

For n = 2, the 13 linearly independent invariants may be taken to be

(88) X,       to«,        P\        &R,        D'X (¿ = i,2,3).

Any relation between these (absolute) invariants follows from

(89) PP = 0,       X2 = X,       (DR)2 = DR,       D* = D,       R* = R.

For a proof that D, R, Pare independent, see §§ 27, 28.

24. For the cubic form (40) with the integral coefficients modulo 5, the only

invariant with d = 3 (mod 4) is the éliminant, given by § 4,

(90) P= o3(2a2o2 — 2a0a\) + a2(2o0o1a2 — 2a3ax)

+ «3(ao«2 + 2a\a\ — 2a\a\a2 — a0a*x);

while AE is the only invariant with d = 1. The only (absolute) invariants

with d = 0 are the linear functions of /, A2, A4, E, A2X, where Pis given by

(46). The only invariants with d = 2 are the linear functions of A, A3, AP.

The ten linearly independent invariants of the cubic form (40) in the

GF [ 5 ] may be taken to be

(91) I, E, AE, X, AX, A2X, A, A2, A3, A4.
>

Any relation between these follows from

P = I,      IE=IA = IE=0,     P2 = A-A3-AP,      A2E = -E,
(92) '

XE=—E,      X2 = X-A2 + A*,      A3X=—AP,      A5 = A.

25. For the cubic form (40) with integral coefficients modulo 7, the non-

absolute invariants have d = 3 (mod 6). Indeed, if we add the congruences

(mod 6 ), analogous to (70), we find that 0 = d (mod 3 ).
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The only invariants with d = 3 (mod 6) are the linear functions of E, AE,

and A2E, where the éliminant P is (end of § 4)

(93)
E = a\(3al) + a\(2a0a\ — 3a\axa2) + a\(a2al+ a^a2xa\ — 3al)

(94)

+al(5aaaxa\+3a\axa2—a\a\) + a3(aaa\—2ay2—ala2a\+2ala\a2—a0a\).

The absolute invariants are functions of A, E, given by (47), and Q:

Q= al(2al) + al(6a0axa2+3a3)+at(a0al+a21al) + al(2axal+3alaxa2+4ala3)

+al\ 2a\ + 4a\a\ + 3a\a\a\ + aüa\a2 — a\ + 2a%— 2)

+a3(a\axa\ — aaa\a\ + 2a\a\— a\axa2 + a\a\)

—alai + 2a0a2a?, + 3a„a2 + a\a\a\ + 2a\a\a2 + 2a\a\—2a\.

The sixteen linearly independent invariants of the cubic form (40) in the

G F [ 7 ] may be taken to be

(95) P, AP, A2P, Q, Q2, Q3, A' (i = 1, -- -, 6), UE(j= 0, 1, 2,3).

Any relation between these follows from

A3E=E, EQ = 0, EX=-E,  Qx = 3A5-3A2-Ç,  QE=0, A7=A,

A4E=AE, AÇ = 2A3-2A6, A'2=P+A6+A3, P' = 2AP-2A4-2A.

The invariant (2) has the following expression :

(97) 7=Ç3 + AÎA"-P+2A6-3A3 + 1.

26. The following tables give a complete set of (non-equivalent) canonical

forms of binary quadratic forms in the ffi'f/] and the values of the inde-

pendent invariants for each canonical form :

(96)

p > 2 (invariants, § 15). p = 2 (invariants, § 11).

Canonical.

x — vy

xy

x2

vx2

Vanishing

v

1

0

0

0

Canonical.

0
0

-2

0
-1

x2 + xy + cy2

xy

x2

Vanishing

1

1
0

0

0

0

0

1

K

1
0
0

0

Here i» denotes a particular not-square in the G F [pn],p> 2 ; while c is a

particular solution of c + c2 +-1- c2"'1 = 1 in the C?P[2n] .

Trans. Am. Matli. Soc   16
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27. As a complète set of  (non-equivalent) canonical cubic forms in the

GP[»n], we may take

ßC, ßxQ, ßxy(x + y), x*y, ßx3, vanishing form,

where C and Q are any particular irreducible cubic and quadratic forms, e. g.,

C = x3 — xy2 + ry3, for a suitable value of t, and (§ 26)

Q = x2-vy2    (p>2), Q^xt + xy + cy2    (p = 2);

while ß = 1 if pn = 3" or 31 + 2 ; ß = 1, e, e2, if p" = 31 + 1, e being a prim-

itive root of the field.

GF[ 2] (invariants, § 23).

Canonical.

£C3 — xy2 + y3

x(x2 + xy + f)

xy(x + y)

x?y

x3

Vanishing

D

1

1

1
0

0

0

R

0

0

1

0

1
0

1

0

0

1
0
0

GF [ 22], ¡» = i + 1 (mod 2) (§ 23).

Canonical.

ß(x3-xy2 + f)

ßx(x2 + xy+ if)

ßxy(x + y)

v?y

ßx3

Vanishing

D

ß2

0

0

0

o
pß
o
o
ß
o

ß
i2ß

o
1
o
o

(?P[3»],rl = l,2(§22).

Canonical.     i   A    I   E   I    r

x3 — xy2 + y3

x ( x2 — vy2 )

xy(x + y)

x2y

x3

Vanishing

1
j»3

1
0

0
0

1

o
o
o
o
o

o
o
o
o
1

-1

GP[5](§24).

Canonical.       |    A    ¡   K   \    I

x3 — xy2 + 2y3

x(x2-2y2)

xy(x + y)

x2y

Vanishing

2
-1

2
0
0
0

-1

0
2

1
0

0

o
o
o
o
o
1

E

1

o
o
o
o
o

28. An inspection of the tables §§ 26, 27 shows that all the invariants given

are necessary to characterize the canonical forms (since if one invariant is

omitted, the others have equal values for some two canonical forms), and that

no invariant is a rational function of the others (since any one takes different

values when the others are equal).    The only exception to these statements is

the case of invariant E of the cubic form in the GF\_5~\; the characterization

is complete without E; but the independence of P follows from the weights

d (§ 24).
The University of Chicago,

November, 1906.


