INVARIANTS OF BINARY FORMS UNDER MODULAR
TRANSFORMATIONS*

BY

LEONARD EUGENE DICKSON

For a non-modular field #' and a binary form f with coefficients in ¥, the
problem of the determination of functions of the coefficients and variables of £,
invariant under all binary linear transformations in %', is formally identical
with the corresponding problem of the ordinary algebraic invariant theory.
But for a finite modular field the problem is essentially different; the terms of
an invariant need not be of the same degree nor of constant weight; the anni-
hilators are quite complicated, involving higher partial derivatives. Fortunately,
the difficulty in the direct computation of the invariants is in marked contrast
with the regularity observed in the actual form of the invariants and with the
simplicity of the relations between the invariants, common to the algebraic and
modular theories, and the additional invariants peculiar to the modular theory.

In the study of the invariants of a given quantic in the Galois field of order
p", we have a doubly infinite system of problems, corresponding to a single
problem in the algebraic theory. Interest naturally centers in a comparative
study, rather than in the individual problems. The aim of the present paper
is to give in correlation the results of a rather extensive comparative study.
Formal proofs of the laws observed are given only in a few instances. It is
hoped that proofs of the remaining properties observed will become more prac-
ticable when a satisfactory symbolic treatment is constructed.

Since there is evidently only a finite number of linearly independent invari-
ants 7 of a given binary form of degree m in the GF'[ p], each set of num-
bers m, n, p uniquely defines a commutative linear associative algebra, whose
units are these invariants 7.

In the final sections of the paper, application is made to the invariantive
reduction of binary quantics to canonical forms.t

* Presented to the Society at the preliminary meeting of the Southwestern Section December 1,
1906. Received for publication December 19, 1906.

t The invariants of k-ary quadratio forms are treated in papers to appear in the Proceedings
of the London Mathematical Society and the American Journal of Mathematics.
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1. THEOREM. The binary form* with coefficients in the GF [ p*],

(1) f= ;}agw"‘“":l/",
has the absolute invariant
(2) I=H(a’;—1), p=p—1.

i=0

Here and below we employ the generators (¢, A any marks 4 0)

®) e=2+t, y=4y;
4) © =, ¥y=Ny;
%) x =1y, Y= —x;

of the group of all binary linear transformations with coefficients in the
GF[p]. Under (3) f becomes a form f” with the coefficients

i—1
’ ’ -
©6) a=a, a=a,+mnta, -, a;=a+2 Cny, t7a, .
=0

Under transformations (4) and (56) we have, respectively,
(7) a:’=’)“ao‘ (i=0,1,--+,m),
(8) a:'=(—1)m—‘am—c' (i=09 17""’")'

Under the replacements (7) and (8) the function (2) is unaltered, since A* =1
for every mark A 4= 0. Consider next the replacement (6). The first factor
a* — 1 is unaltered. Then, since (¢4 —1)q, =0,

(0 —1)(a;" —1) = (g —1)(af — 1 + da,) = (af —1)(at —1).

The proof may be completed by induction from ¢ — 1 to ¢. Let

%
P = H(a}‘ -1 ).
J=0
Then
P; = Po'—l(a:“ - 1) ='Pi—l(a'i‘ -1+ Boao + Blal + 0t B.'—la.'-l)
=P, (at —1)=P,.

2. The absolute invariant (2) has a simple interpretation. According as
a4 0 or a=0,we have a* —1 =0 or —1. Hence the form f vanishes
tdentically if and only if T & 0.

* We do not at present introduce binomial coefficients Cni, some of which are divisible by p
for certain values of m and p.
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Frequently a property expressible by a single invariant in the modular theory
requires in the algebraic theory the use of a covariant or else an invariantive
simultaneous system of equations. A less obvious instance relates to the minors
of the determinant of a %-ary quadratic form.

3. TeeoreEM. For m a power of p, the binary form (1) of degree m with
coefficients in the GF [ p*] has the absolute invariant

9 P=ij:(a‘;—l), p=p—1.

The proof is similar to that in § 1. We now have
C

mi

=0 (modp) (i=1,---,m—1),
so that there is noterm ¢ in @] (=1, .-, m — 1) in formule (6).
4. An obvious invariant of £ is the eliminant % of
=0, =z, ¥ =y.

For example, let m = 8, p =38. Multiply /by »y, «*»* and «* in turn and
reduce by means of 2* =, y* = y. The corresponding equations

a2+ a2y + a2y + a,y =0, (@, + @)y + (@, + a;)xy*=: 0,
(@, + a,)2*y + (@, + a,)xy* =0, a,x + (a, + @)’y + a,xy’* = 0,
have the eliminant, identical with (17) of § 9,
a,a,{(a, + a,)* — (a, + a,)* } .
Evidently, £ = o, R, where R is the resultant of
SL=g+ay+.--+a,y"=0, yr=y.

By the elimination of 1, y, 32, .- ., "' by SYLVESTER’s dialytic method, we
obtain for 72 a determinant of order p" in which each element in the main diag-
onal is @,. The numerical factor is thereby determined so that B = a®* + - -..

Except in the simplest cases, it is more convenient to have £ expressed as
the product of the linear functions obtained from f by giving to x, y the p" + 1
sets of values 0, 1; and 1, p, where p ranges over the marks of the fie.1:

E=a,l(a,+ap+---+a,p™), prangingover the GF[p"].

For the case of quadratic forms (m = 2) in the GF [ p"], simple expres-
sions may be given to £Z. For p=2, EF = a?y, where x is the absolute
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invariant given by (20). For p > 2,
E=3(A¥"D _A), A=al—4a,qa,.

Note, in verification of this result, that f, = 0 has a root in the field if, and only
if, the discriminant A is zero or a square, so that £ = 0 if, and only if,

A(AKPD —1)=0.

For cubic forms, consider first the case p" = 3%.

We define the GF [9] by the primitive irreducible congruence #* =14 + 1
(mod 3); then the marks 4= 0 are 1, i, ¢*, *, and their negatives. Hence
E = aagr, where

7 =11 {(a,+ a,p') — (ap + ap’)’} (p=1,i,, )

= H(az—ap’+,8p‘—a§p°) (a=ai+aay, B=03+ara;).

Forming the product of the factors given by p=1, i, and those given by
p=t, i, we get, since ¢* = —1,

m={(a§ + B) — (a5 + a)'}{(af — B)' + (af*~ o)’}
=(a + dja+ B) — (a5 + aif + )"
Since a,a,(al — al) = 0 in the field, are readily obtain the result:
(IO)E = aja,ai — aaia; + (alaal — a@lal)al — (aldl + aalat + ala,)al

6__ 4,3 3,5\ 2 8 4 5Ah | A28 1 23,42 26 8
+(a,0,0;—ayaia,+ aja)as +(a,0; +aja; + Q0705+ 6010, — A0 a,— 4y, )y

For p 4 8, we shall employ the cubic form (40) with binomial coefficients.
Then o is the product of the functions a, + 8a,p + 3a,p* + a,0% p ranging over
the marks &= 0. For p* = 2, 2?, 23, the expressions for 7 and % are given in
§23. Forp"= 5,

— 2 2 . 2 2 2 2
7= (a) — a; — a,a,)’ — (a} — @} + a,a,)
[ 4__ b 9022 923 2__ 9.2 2. _ 2
= ay— a} + a; — a3 + 2ala; — 2a}a; + 2a,a,a; — 2a}a,a, + 2a,ala, — 2adla,,
so that & is given by (90). For p" == 17, it is convenient to set
— q? 2 — 2 — 2
a=a}—a;, B = a,a, + 24}, v = — a0, — 2a.

Forming the product of the factors by twos, viz., those with p = == 1, those
with p = == 2, and those with p = == 8, we obtain the interesting result:

m=(a+B+7)(a+28+4y)(a+48+2y)=a’+ B+ v'—8aBy (mod 7).
The resulting expression for X is given, by (93).
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5. THEOREM. The weights o = e, + 2¢, + - - - + me, of the various terms

€0 y®l., .. (%
ao al am-

of an invariant ¢ differ by multiples of p=p*—1.

Here and in § 6, let ¢ become ¢’ = D?¢ under every binary transformation
of determinant D). Consider the special transformation (4) in which A is a
primitive root of the GF [ p"]. In view of (T), the above general term of ¢ is
multiplied by Ac. Hence

A=, o=d (modu).

6. TaeorEM. The degrees p of the various terms of an invariant differ
by multiples of u[8, where 3 is the greatest common divisor of m and
p=p"—1. PFurther, mp — 20 is a multiple of u.

For the transformation 2 = Ax’, y = Ay, we have a; = A"a,. Hence a term
of degree p of ¢ is multiplied by A", so that mp = 2d (mod u).

7. The differential operators which annihilate an invariant are here more
complicated than in the algebraic theory. This is due primarily to the fact that,
in a series of powers of an arbitrary mark ¢ of the GF [ p"], certain terms now
combine, viz., ¢¢, ¢it*, ti+2#, ... where u = p"— 1. Since a™ = a for every
mark @, we may assume that the exponent of each g in an invariant does not
exceed w. Then, for the case n =1, we can employ TAYLOR’s theorem for
the expansion of a polynomial of degree u=p —1,

V(a+t)=v(a)+ty'(a)+--- +il!t"1[r("(a) + .- +;‘]L!tu4,(u)(a),

since the denominator ¢! is prime to the modulus ». The case n>1 appar-
ently (cf. §10) offers a theoretical difficulty; it actually presents a difficulty
from another source (§12). We therefore begin with examples illustrating
the simpler case n = 1.

8. For the first illustrative example, consider the form
(11) a2 + a, 2y + a,y%,

in which the coefficients are integers taken modulo 8. Under the transforma-
tion (3), @, and a, receive, in view of (6), the respective increments

a, = 2ta,, a, =ta, + t*a,.

Let ¢ be a polynomial in @, @, a,, with exponents = 2. By TAYLOR’s the-
orem,
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¢ —d=0¢, + B, + Faibo; + 4% Po, + 3G Py,
+ 3910 boga, + 3% % Paez + 1T G Basags
where ¢,3,, denotes * ¢ /0a;Oa,, ete. Then ¢’ — ¢ = td¢p + ¢?8, ¢, where
8¢ = 2a, by, + 01$u,+ 207 bar0, + B O1bug + 2] @1 Pata, + (G0 + 20D Paat +200 @i atat s
8,1 = @y Pa,+ 205 oz +200 8y o0, —( a5+ 07 ) Pug+ 200 Paga, + 205 @1 Poy3
+(a3+atal) duzes-
A necessary condition for ¢'= ¢ is 8 = 0. This condition is also sufficient.
Indeed, if [8¢] denotes 8¢ in reduced form, i. e., with every exponent = 2 (in
virtue of @®= a), then 8[3¢] = 8 ¢. To verify the latter, note that if - is

a reduced function of @, viz., y» = ra’ + sa + ¢, then [ay ] = ra + sa® + ta,
and [a¥ ], = ay,+¥—¥,, (mod 8). Again, if x = sa+¢, [a’x ] = sa+ta?,

and
[@Xx].=@X, + (&)X + X, (mod3).
Proceeding to the computation of the invariants, we may set
0,1,2

¢=> A i alal ( 445 quadratio functions of a, ).
%,

—

<

Employing the annihilator & and giving to 8¢ its reduced form [d¢] with
exponents = 2, we require that [d¢] = 0, identically in @, @,. Among the
resulting conditions occur

4,=0, A4,=0, A0, =0, Aya,=0 (mod3).

1070

In view of these, the remaining conditions reduce to
4,0, —A4,—A4,=0, Aya,+ A, + A, — A, a; — A,a,=0.

From A4,,a,=0 we get 4, =r(aj—1), where r is a constant. The term
rala?al is unaltered by transformation (4), so that » = 0 unless ¢ is an abso-
lute invariant. In the latter case we replace ¢ by ¢ — »7, where I is the
invariant given by (2). In either case, it remains to consider ¢ with 4, = 0.
Under transformation (5),

’ ’ ’ ’
(8) ay = a,, a = —a, a = a.

This replacement must leave ¢ unaltered. But by A,, = 0, a?a? is a factor of
no term of ¢. Hence ala? is a factor of no term of ¢. We may therefore set

A21=a+Bao, Am=x+/‘a’o (a, B, 2, ¢ constants ).
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Similarly, by 4,,= 0, a,«] is a factor of no term, so that 4,,=0. The above
long conditions now give

A, = aa, + Ba?, Ay=—a+(B—N)ay— (a+p)a;.

The conditions that ¢ shall be unaltered by (8') are p =a, 4, =k — aq,, k a
constant. Hence

¢ = Bajal + (B —N)aya, + \a} + Ba,a,0] +aQ + &,

where
2 2 2
(12) Q=aoaz+aoaz+afaz+a1ao—az_ao’

The coefficient of A is the discriminant A = «? — @, a,, that of B is congruent
to A’ — A. As the linearly independent invariants of the quadratic form (11)
modulo 3, we may take I, Q, A, A*. Now I= @*+ A*—1. As the inde-
pendent invariants we may take @ and A.

9. Consider the binary cubic (1),,_; with integral coefficients modulo 8. The
discriminant A and (9) give the absolute invariants

(13) A = dia} — a0, — a,a,, P =(al—1)(a}—1).
Hence there is an absolute invariant of the second degree :
(14) K=A—P+1=a}+ a} —ag,— aa,.

In view of (6), @, and @, are unaltered by transformation (3), while @, and q,
have the respective increments 2te, and ¢(a, + @,) + t’a,. The coefficient of
tin ¢’ — ¢ gives the annihilator

20,¢, + (@, + ;) Pa, — 81 Psa, + a,(a, + ;) ba3 — ai(a, + ;) Paga,
+ {a, + a,(a, + az)2}¢aza3 —a,(a, + az)¢«3¢§'

By §§5, 6, the terms of an invariant ¢ are all of even degrees, while all are
of even or all of odd weights. Further, by (5) and (8), ¢ must be unaltered by
the substitution

(15)

(16) G=—a, G =0a, =0, 4 =-—a,.

Let first the weights be even, so that by §5, ¢, = ¢, (mod 2) in every term
of ¢. Then, in view of (16), ¢ must have the form

b(aj + a}) + c(a] + a}) + d(a,a, + a,a,) + eaja; + fuia; + g(ajal + ajay)
+ k(aja; + aja3) +j(a3a,a, + ajau,) + k(ala,e, + ajaa,) + laa,a,a,
+ m(ajaia; + alajal) + n(ajaia; + ajaial) + ¢(ajaja,a, + alajaa,)

2~2~7272
+ rajaialal.
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By subtracting from ¢ suitable multiples of P, K, A%, and I, given by (2),
we may set c=d =k =r = 0. Then (15) vanishes if and only if

n=f=0, g=q=e= =—m, b=j=l=m.
The coefficient of m is the absolute invariant
— a2 2 _ 1242 4202 — 0202 — a2a? — ala? 2 2
T'= ay + a5 — a0, — Qa; — a,a; — A, — a0 + a;a,a; + ,a,a;
2.42,2 22,2 2 2 2 2
+ a,a,0,a, + ajaja, + aja,a; —'a;a,a,04, — @,Q,0,a; .

Finally, when the weights are odd, the possible terms are
B(aa, — a,a,) + G(dlaa, — ajaa,) + H(aja,a, — ajaa,)
+ J(alaa, — alaa,) + K(alaa, — ajaa,) + L(ajala,a, — alalaq,).
The conditions that (15) shall vanish are B= G =K=L =0,J=H. Hence

— e 2 a2
1) E = dlaa, — ajaa, + ajaa, — alaa,

is the only invariant of odd weights. By §§4, 27, the cubic form is irreducible
modulo 3 if, and only if, £ 4 0.
The relations between 7" and the remaining invariants are

IT=90, PT=P-—1, AT=I—-P+T, ET=E, ="T.
We obtain the simpler relations * (19) by introducing W= I— P + T, viz.,
(18) W=a?(aa?a? — aZaZ — a,ala, + a,a, — aia?) + a,(— ala,ai + a,a,a,+ ala).

THEOREM. As a complete set of linearly independent invuriants of the

cubic form modulo 8, we may take I, P, A, A’, E, W. The product of any
two invariants can be reduced to a linear function of these six by means of

. I'=I IP=I IA=IE=IW=0, P’~P, PA=PE=PW=0,
19) A=A, AE=E, AW=W, E*<=W, EW=E, W'=W.

10. The next illustrative examples relate to the invariants of a quantic in the
GF[p"], n>1. We require the expansion of y-(a + ¢) in powers of ¢,
where y+( ) is a polynomial of degree at most u = p" — 1. This can be done
by TAYLOR’s theorem, the coefficient of ¢ being the quotient obtained algebra-
ically by dividing ¥ (a), all of whose coefficients are exact multiples of !,
by the number ¢!. Similar remarks apply to TAYLOR’s theorem for two or
more variables.

* Conforming with the relations (3 21) between the invariants of the cubic form in the GF[9].

Note that I— P+ T and —A— A? are the only invariants W satisfying the relations (19) involv-
ing W. Hence there is a single invariant W which can replace T.
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11. Consider the quadratic form (11) with coefficients in the GF[2"].
Under the transformation (3), @, and @, are unaltered while the increment to a,
is ta, + *a,. Let ¢ be a polynomial in @, a,, a,, with exponents = 2" — 1.

Let first n =2. Then the coefficient of ¢ in ¢' — ¢ equals

@, ¢, + i [ 3ba3] + ¢ya3[Eba]s

where the indicated divisions of the derivatives by 2 and 6 are to be performed
algebraically and the quotients only are interpreted in the GF [4]. If we set

3
b= Ba} ( B's tunctions of a,, a, ),
=0

the above expression for the coefficient of ¢ becomes, in the GF [4],
a,(B, + B,a}) + a;( B, + B,a,) + a,a} B,.
This must vanish identically in ¢,. From a, B, = a, B, = 0 we get
B,=r(aj—1)(a}—1) (7 =constant).

The remaining condition * becomes a, B, + a3 B, = 0. Replacing ¢ by ¢ — 7,
where 7 is the absolute invariant (2), we may set B, = 0. By (8), ¢ must be
symmetrical in ¢, and a,. Hence no term of ¢ contains the factor ai or the
factor ¢j. By §§ 5, 6, the degrees p (and likewise the weights o) of the various
terms of ¢ differ by multiples of 3, and p = o (mod 3).

Let first p=0=10. Then ¢ involves only the terms a?, a,a,a,, ata’a?,
so that

B,=la}, B, = ma,a,, B, = kala?.

Then m =k by a, B, + a?B,=0. The linearly independent invariantst are
I, as, J=a,a,a,+ alalal.
Forp=o=1, ¢ involves only the terms a, a,alq,, aa?, aata?, so that
B, = ba,, B, =cq,a?, B, =daj} + ealal.

By a B, +a}B,=0,wegetd=0,e=c. The invariantst are a, and q,J.
The case p = o = 2 may be reduced to the preceding by squaring, an opera-
tion here reversible. Hence the invariants are &} and a?J.

* The corresponding conditions from the coefficient of ¢ are a, B;=a,B;=0, a, B, + a2 B,=0.
Thus the vanishing of the coefficient of ¢ does not imply the vanisliing of that of ¢2 (but does
that of #3, viz., a3 B;+ alB,). In this respect the case of invariants in the GF[p"], n>1,
appears to be in contrast to the case n —=1.

t The remaining conditions from ¢ (preceding foot-note) are satisfied.
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For general n, we can prove (cf. §§ 4, 26) the following

THEOREM. The independent invariants of the quadratic form (11) in the
GF [2"] may be taken to be a, (which is multiplied by the determinant of the
transformation), I and the absolute invariant

(20) x(aya,a®?), where x(c)=cH+cE+ct+ -4,

the last invariant being replaced by a,a,a, in the case n=1.

12. The illustrative examples employed thus far were chosen on account of
their comparative simplicity. As the order of the GF [ p ] increases, the com-
plexity of the computation increases very rapidly. Certain remarks will be
found to be very useful. While, for » > 1, certain divisions are called for in
the definition of an annihilator & (see §§ 10, 11), the actual performance of the
divisions can be dispensed with in the computation of 8¢. For example, in the
GF [ 8%] the result of operating on a term aja;aej by 1/3!1/2! 0*/da}dal is
zero unless ¢ =3, j=2, while in the latter case the result is C,,C,,a;a;%a]~%.
It thus suffices to have a table* of the residues modulo 8 of the binomial
coefficients ¢ (r, s=8). In view of this remark, the following permanent
notations will be used for the terms of 8¢, the notations not exhibiting the
numerical divisors. We shall set
. N 14 ) 1 ov¢
(21) (1)=i_!6—al’ (1 2j)=i—!‘ﬁa—a—;—a—a—;, ete.

In the algebraic theory ¢ is invariant under the special transformation (3) if,
and only if, 8¢ = 0, where 8¢ denotes the coefficient of ¢ in ¢’ — ¢. The same
theorem appears to hold in the modular theory when n =1. In a few cases
(cf. §8), I have made a direct proof of this statement; in very many cases I
have secured indirect verification in showing that the computed functions are
actually invariants. But for n > 1 such a theorem does not hold (cf. foot-notes
to §11). However, it appears to be true that the vanishing of the coefficients
of ¢, ¢, t*, ..., t*"" implies the vanishing of the coefficients of the remaining
powers (the last one being p* —1). The importance of this conjecture as a
guide in actual computations is obvious; its effect on the explicit form of the
invariant is noted in § 17.

13. Consider the quadratic form (11) in the G#'[8%]. Under transforma-
tion (3), @, and a, receive the respective increments 8, = — ta,, 8, = ta, + t*q,.
Expanding the powers &, ..., 8, reducing the coefficients modulo 3 and the
exponents by means of a2’ =x, we write down by inspection (in view of the

* The residues of multinomial coefficients modulo p, a prime, are obtained rapidly by means
of two general theorems given in the writer’s dissertation, Annals of Mathematios, ser. 1,
vol. 11 (1896-7), pp. 75, 76.
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simple form of &) the coefficient (22) of ¢ and the coefficient (23) of ¢ in
¢’ — ¢, employing the notations (21).

— a(1) + a,(2) — a{(1'2) + aga, (1°2) — a{(1°2*) — afa, (1°2°)

—a]al(172?) — af(1°2°%) + alal(1°2°) — a5 (12*) + afaq,(1%2¢)

+ agap(1°2Y) — agay (1°2°) — 6y, (2°) — agai (12°) + a5a} (1°2°)

+ afal(12) + afal (1) — o} (1'2") — e, (1'%") — el (2)

—ala$(1%2%) — a(1°2%) — alal(1%2°) — afal(127) + aja(1?27)

— ay(1°27) + afa, (1'27) — afa} (1°7) + afai (172") — a,a[(2°)

— (@ + a,07)(12°) — 4,0, (1'2°) — 4,0} (1°2°) — a,a3(1'2%)

— a,a}(1°2%) — a0l (1°2%) — ayal(172%) — aya] (132%).

(22)

— @y (1) — a5 (12) + 034, (1°2) — a,0,(2*) — 4,01 (12°) — a,(1'2*)
— a,0,(1%2%) + a}(2%) — a8(1°2%) + ajal(1%2%) — a] (1°2*)

+ aja, (1'2*) + afa}(1°2") — afa} (1'2*) — 0} (12°) — afa, (1°2°)

— afa (1°2°) + afal (142°) + afat (1°2°) + afal (1°2°) — afa} (1'2°)
— a3a$(1°2%) — a} (1'2%) — afal(2') + afat (127) — afat (1°2')

+ agai (127) — a5 (1°27) + aga, (1°27) — 030} (1°27) — afai (2°)

— ajaf (12%) — afa (1°2) — (a} + ajat) (1°2*) — af, (14°)
ajal(1°2%) — aja} (1°2%) — aja}(172%) — aj af (1%28).

We may set

(23)

0,...,8
(24) b= > AU ajaj ( 4s tunctions of a, ) .
"rj

Since a occurs only in the first term of (22) and (23), we get
Aza, =0 (i=1,---,8).

Employing these to simplify the coefficient of a] in the first four terms of (22)
and that in the first three terms of (23), we get

—a,Xid ai" —a X A, a;, —ai Y Cy A, a8,
These must vanish identically in @, = a?. Hence
4,0=0(i=1,8,...,8), A,=0(=1,.--,7), A,a—A4,—A4,=0.

Before examining the further conditions we shall introduce a decided simplifica-
tion. From Aga, =0, A,=1Fk(ai—1), &k a constant. But the term
Trans. Am. Math. Soc. 15
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katalal of ¢ is unaltered by transformation (4). Hence £ is zero unless ¢ is
an absolute invariant. In the latter case, we replace ¢ by ¢ — kI, where
I is the absolute invariant (2). In either case we have A, =0. ZThen
Ay a,=0 (i 4 0)implies A, =0. For,then 4, =c(a}—1), while ajajaj
is not a term of ¢. If it were, then would aja;al occur in ¢ since ¢ must be
unaltered by (5) and hence by (8) of § 8, whereas 4, =0 (i=1, ---, 8).

We next examine the coefficients of af in (22) and (23), then those of af,
etc. At each step we utilize the conditions previously found. In view of the
above result and the fact that the binomial coefficients C, (i =3, 4,6, 7),
C,,, C,,, C,,are multiples of the modulus 3, the determination of the coefficient
of a} may be done readily by inspection. The resulting conditions,* including
the earlier ones, are:

Ay,=0(i=1,...,8), 4,=0:=1,8,...,8), 4,=0:=1,3,5,6,T,8),
A,=0(i=1,2,3,4,5,7,8), 4,=0(i=1,3,4,5,7),
Ay=0(i=1,3,5,7), 4,=0(:=1,2,8,5,7,8),

Ail = 0(i= 1, 3, 5, 7), .A‘.o= O(i = 1, 3, 5, 7);

(25)

A= Aya,, Ay=A 0, Ay=— Aya, A= Aya, 4, =A4,ad},
AM=A“ao, AW=A“C&:, A“=—A83ao, A%=A‘3ao, A%=A83az,

Ag=Agal, A ,=Aga}, Ay=—A,0}, A =— A 0}, 4, = 4,0},

63 %00
(26) A,=A4,q;, A=A, 0, A,=A4,0a, Aya,+ A, + A+ Aya;=0,
Agad= A0, A,=— Ay A,=A4,a—Aa8 Ay+ A0+ 4,02=0,

Apa,+ Ay + Ay + 40} =0, Ay= 4,0} — 4,0}, A;=— A4,al,
Ay + Agad+ Agal, A+ Ay + Agal— 4,03 =0.
We note that each 4, not in the set (25) has a non-vanishing value in at
least one invariant given below.
In the notations of § 5, we have here
(27 e, + 2¢,=2¢,+ ¢, =d (mod8).

Consider first the absolute invariants, so that d=0. Fore =8, ¢,=0o0r 4,
we nave e,= 0,4 or 8. The value ¢, = 8 is excluded, since (as shown above)
adaag is not a term of . Hence we may set

A, = e+ fa}, Ay =1+ mag, Ay =M+ paj; + val.
*Those in set (25) and likewise the remaining ones occur approximately in the order of their

determination. Obvious simplifications have been made in the latter conditions. Certain con-
ditions have been omitted as being simple consequences of those retained.
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By (27) the only further non-vanishing A4 are the following, whose values are
derived at once from the non-identical conditions (26):

Ag=eay+ faj, A, =ea}+ fa), A,=ea}+ fa, A, =ea?+ faf,
A,=ea}+fa}, Ay=—(f+1)a}—(e+m)a], Ay=—(f+0a,—(e+ m)a},
Ay=—e+ (I—f)at + mad.

The necessary and sufficient conditions that the resulting function (24) shall be
unaltered by (§) and hence by (8") are m =e, u = —e,v=0. The indepen-
dent parameters are thus e, £, [. The coefficients of / and f are A*and A® — A4,
respectively, where

(28) A=a?—aa,

is the discriminant of the quadratic form. The coefficient of e is

= a8 at 408  qf 6 a5 3aza’ 48
(29) Q—ala2+a0a’1 a’0+a'0ala'2+a'0ala2+a0a2

+ aatas + ajatal + alalal + alala, — a} + alal.
By way of check we note here the important relations
(30) QF+A-1=1, QA=0

Next, there is no invariant with d = 1 (mod 8). Indeed, each of the nine
A, ., for which e, + 2¢, =1 (mod 8) is zero by (25). There is no invariant
with d = 8; for, if so, its cube would be an invariant with d = 1. Similarly,
the cases d = 7, d = 5 are excluded.

In an invariant with d = 2 (mod 8), the possible non-vanishing A4 are
Ay, Ay, Ay, Ay, Ay, Ay, Ay. Now A is a linear function of a, and af
by (27). But ajada, is not a term of ¢ in view of (8). Hence A4, =la,.
Similarly, 4, =7 4 sat. Then the seven non-vanishing conditions (26) give
A,=1a}, A,=—1la}, A, =—1la}, A,=—1a}, A, =(l—7r)a,— sa}.

05 24

The resulting function ¢ must be unaltered by (8'); hence s =0. The coeffi-
cients of  and [ are A and A® — A, respectively. By cubing, we conclude that
the only invariants with d = 6 (mod 8) are the linear functions of A® and A'.

Finally, for d = 4, every 4, vanishes except A,, 4,,, 4,, Ay, 4, while
A,=c, A, =ka,. The four non-vanishing conditions (26) give

A, = ka2, Ay = (c—k)a}, A= (c—k)as.
Forc=k=1, ¢ =A% forc=1, k=0, ¢ = A"
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THEOREM. Ewery invariant of a quadratic form in the GF [ 9] is a linear
Sunction of I, Q, Ai(i =1, ---, 8). As independent invariants we may take
Q and A.

14. The results of §§8, 18 on the invariants of a quadratic form in the
GF[8],n=1, 2, may be given a simpler form, better adapted to the exten-
sion to the case of general n. We set

3l) J=Q+A'—1 (forn=1), J=Q + A*—1 (forn=2).

Then in each case
(82) JA=0, Jt—J=1,

as follows from (80) and the similar relations for » =1. The importance of
the introduction of the invariant / lies in the simplicity of relations (32) and in
the factorizations

(33) J=(a,+1)(a,+1)(a} + aa,—1) (forn=1),
(84) J=(aj+1)(at+1)(al+atai+ag,0f +ajajal +ajaiai—1) (forn=2).

For general n, the corresponding function is
5) = (a5 +1)(e + 1) | Ealoiar= -1},
=0

where v =% (8"—1). The discussion in § 15 will apply here since (28) and
(85) are unaltered modulo 8 when @, is multiplied by 2.

15. Consider the quadratic form* in the GF [p"], p > 2,
(36) ax® + 2axy + ay’.

We investigate the function / given by (85) for v = } (p" — 1). It is obviously
unaltered by the substitutions (7) and (8), so that the proof of its absolute
invariance + depends only upon the verification that it is unaltered by the trans-
formation (8). Let J’ denote the function (35) of the transformed coefficients
a,, a,, a;. Here aj=a,, A’=A. As shown below, JA =0, JA' = 0.
Hence if A & 0, J = J'= 0. Let next A = 0, so that a? = q,a,, a," = a,a,.
Then the sum in (35) equals (v + 1)ala;. Now v + 1= }(p" + 1) is the
mark } in the field. Hence the final factor of J equals }aja; — 1. If a isa

not-square, @} = — 1, so that J =0, J'=0. If a, =0, then a, = 0, while

*If we employ (11) instead of (36), we must introduce the factor 4 under the summation
sign in (35). For the essentially distinot case p =2, here excluded, see ¢ 11.
1 The existence of an invariant independent of I and A follows from the canonical form theory

(226).
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the form a,y* is unaltered by transformation (3). Finally, let @, be a square
# 0, so that @ = }. 'Then

T=(g+1)(g—2), J'=(a +1)(a —2).

Since @,a, is a square or zero, a, is a square or zero, so that @ =1 or 0; in
either case J = — 2. Likewise J'= — 2. We have now proved the following
THEOREM. The quadratic form (36) in the GF[p*], p <2, has the abso-
lute invariant J defined by (85) for v=}(p" — 1).
We next prove the following relations, which reduce to (82) for p = 3:

37) JA=0, (J+1)P=I+1,

so that, for the functions obtained from I and J by deleting their constant
terms — 1, the one is the square of the other. We here have

(38) A=a—aa, I=(a—1)(c—1)(—1).
Since a*+! = a, a simple change of summation indices gives
JA = P(a,a,— at'ay*!), P=(a;+1)(a;+1).
Then JA = 0 follows from
(89) eyt P = (athtatt)(aptitaptt)=(ab+a;t )(ah+a ) =dbat P
(k>0).

To determine J?, call o the last factor, 3> — 1, in (85). Then

(e +1yc’={al —1+2(a; +1)}o’=—(al—1)(a¥—1)+2(a;+1)d?

since (a® —1)a=0. Modifying (aj + 1)* similarly, we get

= — -2+ 1) (03 —1) (@ —1)+2(a; + 1) {—(aF —1) (a¥—1) +2(a; + 1)o7
=—I4+2P {(a¥—1)(2—a}—a})+ 20°}.

Now

v—1

c=a*—1+aja;+ Y, Zaga;agaf"‘“,
d=—(a—1)+2(a¥—-1)a}a} + a¥a¥ + 2aja; X + 2*.
Since 2J = 2P, we have
S+ 2=—T+2P{(a—1)(1—a}—a}+aja;)+ L} =1+2PL,
L = aja + 2a% o + Ba%ay (e — 1) + 4daja; > + 3 + 23°°.
Hence (37,) will follow if we show that PL = 0. In view of (39),
PL = P(8ajaja® + 5 + 23°%).
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The second member may be shown, by means of (39), to equal
P(2v+1)(ajasal + 32),
and hence vanishes in the GF [ p* ], since 2v + 1 = p".

16. This section and the four succeeding sections will be devoted primarily
to the exhibition of a remarkable absolute invariant A of degree u = p" — 1 of
the binary cubic form in the GF [ p"], and to the simple relation between K
and the discriminant A of the form. Except for the case p =3 (cf. § 9), we
shall write the form with binomial coefficients
(40) a, 2 + 3a,2*y + 3a,xy’ + a,1’.

Under transformation (3), a,, a,, a, take the respective increments
(41) 8, = ta,, 3, = 2ta, + t*a,, 8, = 3ta, + 3%, + La,.
For each term (§ 5) of an absolute invariant ¢ we have
(42) 3e, + 2¢, + 6, =1rp, e, + 2e,+ 3e, = su (r, 8 integers) .

The condition that the term shall be of degree wis » + 8=3. For r = 3 and
r = 0, we obtain the respective terms

(43) at, ay.
The general term with » =1 is

(44) alailazay, 3e, + 2¢, + ¢, =, e, + 2¢, + e, = 2pu.
In view of (5), an invariant ¢ must be unaltered by the substitution
(45) @y = — ay, ay = a,, a) = a,, a,=—a,.

For p = 2, the signs may be taken positive. For p > 2, u is even, and hence
€,» €, are both even or both odd. Further, we cannot have ¢, =e¢,and ¢, = ¢,
in a term (44). Hence each term (44) of ¢ is accompanied by another term,
not of type (44), having the same coefficient as the former. These new terms
give all the terms of ¢ for which » =2, s =1 in (42).

In all the cases, viz., for p*=2"(n=1,..-,5), 3" (n general), 5, T, 11,
13, in which I have actually constructed an absolute invariant K of degree
p=p"—1,1 find that the two terms (43) do not occur. Excluding those terms,
we have the simpler* problem: to construct an absolute invariant K whose
terms are those given by (44) with suitable coefficients, and those derived by
applying the substitution (a,a,)(a,a,).

*Since the exponent of a, is at most 3. By (41), the powers of d; are complicated.
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The results for the case n = 1 are very simple; all the terms just mentioned
actually occur in K. The cubic form with coefficients modulo p, a prime, has
an absolute invariant K of degree p — 1 containing 2k terms, where k is the
number of partitions of p — 1 into 3e, + 2¢, + ¢,. FYor p =3, K is given
by (14). For p & 8, the results relate to the notation (40) for the cubic form.
Then, for p =2, K=a,+ a,. For p=25,7,11, 13, the expressions for X
follow in that order. The first terms in the parentheses are the terms (44),
arranged so that if two terms have different exponents to a,, that with the lesser
precedes, while, if the exponents of a, are equal the term with the lesser exponent
to a, precedes. The second term in any parenthesis is derived from the first by
the substitution (a,a,)(a,a,).

(46) (a3+a})—(a, g as+a,aa,)—(ala; + agas)+ (20,03 + 630, 4), GF[5].

(a3+a}) + 38 (9050, + 0,010,) + 3(a} 030 + ayaial) + (aja; + aaf)

47
40 +8(a,a3al + alala,) + 2(a,a,a,a3+a}a,a,0,)+(alas+atal), GF[7].

(al0+al%)—8 (aa3a,+a,ata,)—8 (atalai+aladal)+4 (atafai-+alatal
+ (ajaja + agaia}) — (ajag + aga;) + 6 (a,a}0; + agala,)

(48) +6(aya,a;a3+0a5a} a,a.)+5(a, 0} a; @i +ay 0 a; ay)—3(a,a] a0+ aga,a; ay)
+5(alajay + ajaial) + 4 (ala, a}al + a}aja,al) — (alala + ajajay)
+ (a}a,as + afa,a3), GF[11].

(a5’+a}*)+5(a, 0} ag+a,0,"a,)+5(al a3 a3 +agajai ) —6(a} af ag+ ag aj af
+6 (ataja;+ ajata) )+ 2 (ajaas + agatas) +2 (ajaze; +agajag) +(alas +agal)
-3 ( ) q: a:'l'a:ag aa)+2 (a’o a, a,; a;"‘a: ai azas)—"3 (aoafa: a;+a3 a‘{ "’:as)
+3(a,adalal+alalala,)—8(a,ata,as+afa ata,)+ 4(ajaaial+ agaja,al)
—38(agaajas + ajaia;ay) + 3(agaial + ajazo;) — 6 (ajajag + ajaia;

+2(a}a,a,0] + ala,a,a3) + (ata3 + ajay), GF[13].

(49)

17. For a cubic.form in the GF[ p"], n>1, the invariant K of degree
p=p" — 1 does not involve all the terms (44). Indeed, when the multiplica-
tive constant is suitably chosen, A is identical* with A*, so that a term (44)
occurs in K only when

(59) [Pe] + [Pe] + [Pe]+ [Pe] =r (i=1,--,n—1),

where [« ] denotes the least positive (or zero) residue of x modulo ». Inversely,
K contains every term (44) satisfying conditions (50). In exhibiting an
invariant, we enclose within a parenthesis terms derived as follows: first a term
(44); then in turn its pth, ( p*)th, ..., (p"')th powers, when they are distinct

* The explanation of this property appears to lie in the fact noted at the end of § 12.
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from the first term ; finally, the terms derived from the preceding by the sub-
stitution (@,a,)(a,a,), when they are distinct from the preceding.

18. For a cubic form in the G'F'[2"], the absolute invariant K of degree
2" —1 contains exactly 2" terms. We exhibit A for n =5, arranging the
terms as explained in §§ 16, 17.

(61) (e, + a,), GF[2].
3 3 2 2
(52) (a2+al)+(a0a3+aoa3)’ GF[4].
7 7 4 42 2 4 4 42 2 44 4 2 2 4
(68) (d}+dl)+(a,a;al+adla,al+alala,+alata,+ala al+ayalat), GF[8].
15 15 12,2 2 49 44 43,8 8 6 2,12 4.9 2 8 43 4
(a2 + al ) + (aoaz a3 + a0a2a3 + aoazaa + a°a2a3 + aoal as + a0a1a3+a0ala3
6 8 248 4 244 8 4.8 2 8 4.2 5,10 10,5
(54) + aoalaS) + (aoalaZaS + aoalazas + a0a1a2a8 + a0a1a2a3) + (a0a8 + ao a&)’
GF[16].
31 31 28 2 2425 44 4,19 8 8 7 16 16 14 2 28
(az + al ) + (aoaz as + a0a2 a3 + aoaz a3 + ao a2 aS + aO a2 a3 + aO al a3
+ ajapal + ajalial + aleaa + a,alials) +(a@ladiai+ ajataylal+ afataials
8 q16 @b 16 12 o2 4 124 2 S8al” at a? 163a8al 6168
(55) + adaltala,+ alta,al?a + afatala, + alal’aial + alaladal + a,ataltal

2 g12 (16 516410 L gl0g a20 L a20a2a® 1 a®atal® L al8aBab 4 al0g1605
+ a} a}?a,0}®) + (af aj’a}’ + a{’a,03° + af’ajal + ajalal® + ajtafal+ ajlaital

+ a2’ a,al’ + alatal + alatal + alaial?), GF[32].
19. For the cubic form, with coefficients in the GF#[3"],
(56) a,2* + @, %’y + a,2y* + a3’

we can determine immediately the absolute invariant K of degree 8" —1 in
terms of the absolute invariant P, given by (9), and the discriminant A of
(56), viz.,

(67) P=(al'—-1)(af"'-1), A = ad}ad} — a 0} — a}a,.
In fact, the invariant K is simply the reduced form of
(68) K=A®"-"_P41.

The reduced form of K depends upon the character of the product

n—2
(59) A, r= [] A%
=0
But in the G# [3*], we have
A% = (a,a,)*%" — a¥af"” — a¥'ai"'(i <n —1), A" =(a,a,)**"" — a}""a,— a}"q,.

Now every term of the expanded product 7 is of degree

n—2
43 8=2d, d=8"-1.
=0
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Further, 7 = (@, a,)* + o, where each term of & is of degree higher than d in
one of the letters a,, @,. Indeed, if we employ either of the last two terms of
A*" the resulting term of the product = is of degree = 8" in g, or a,. Hence
the statement follows by induction from n — 1 to =.

It now follows that, in the complete product (69), a term is exactly of degree
8" — 1 if one_of its factors is chosen from the last two terms of A*™. Finally, in

,n.,(alaz)z.sﬂ =(,a,)" " + "'(alaﬂ:)g’s”_l

every term, except the first, is of degree higher than d 4 2-83"'=38"—11in
one of the letters a,,a,, and hence admits of a reduction in total degree (by
means of the equation o™ = a, satisfied by every mark of the field) from
2d +4 8'=2(3"—1) to 83— 1. The exceptional first term cancels a
term of — P. Hence every term in the reduced form of the absolute* invariant
(68) is of degree 8" — 1.

In the expansion of (59) no two terms have the same set of exponents, so
that there result 3" distinct terms, no one identical with a¥™1(j =1 or 2).
Hence the reduced form of (58) contains exactly 8" + 1 terms. For n=1,
they are given by (14); for n = 2 by (75). For n» =38, I have verified that
the terms of A obey the laws stated in § 17. As these (empirical) laws were
formulated from another standpoint (and in fact prior to the investigation of
the present case p = 3), we have independent evidence of the validity of the
conjectures.

From (57) and (58) we deduce immediately the important relation

(60) (A®+02 _ A) K = 0.
Indeed, AP = 0, so that

AR =AC+2 L A ACHDRAR — AT | AG+D2 AP A,
20. The discriminant of the cubic form (40) in the GF [p"], p + 8, is
(61) A = — 8a}a; + 4a,a} + 4a}a,— 6a,a,a,a, + alal.
Now the invariants K&, given by (46)-(49), satisfy the relation
©2) (AR _A)E =0, = (=8)01,

€ being +1 or —1 according as — 8 is a square or a not-square in the
GF[p"], p>8. If we define A to be the function (61) multiplied by — 8
(or by — 82\*, X any mark # 0), relation (62) is replaced by the simpler relation

(63) (A2 _ A) K = 0.

*Under a transformation of determinant D, the discriminant A is multiplied by DS, so that
A@®-1)/2 g an absolute invariant in the GF[3n].
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TaEOREM.* If the indeterminate constant factor in the discriminant A
of a cubic form in the GF [p*], p > 2, be chosen so that the coefficient of
a}a; is a square in the field, then A and the absolute invariant K of degree
P — 1 satisfy the relation (63).

21. Consider next invariants of the cubic form (56) in the GF [38"].
Under transformation (3), the increments to @, and a, are —ta, and ta,+¢*a, +t*a,
respectively, while ¢, and @, are unaltered. The case n = 1 was treated in § 9.
Let here n = 2. Then the coefficients of ¢ and ¢* in ¢’ — ¢ give the respective
annihilators : +

—a,(2) + 4,(3) + 4,a}(2°3) — o} (23) + a]a,(2°3) — a{a}(2°8%)
— 4,0{(2'3%) + (9,0} 0, — a])(2°8") — a 0,(2°8") — a 63 (2'8") — 45 (3°)
— a}(2'%) + al; (2°%°) + 43a}(2°3") + 0,0} (3") — 4] (23") + 0} a,(2'37)
— a3 (2'3°) + ajay(2'3°) — aj(a; + a7)(2°8") + a{al(2°8°) — afa]a,(28")
(64) + aal(28) + (a50; — a}a,)(3°) + (a,ala; — a}a;)(23°) + (a;0] + a]a))(2°8°)
+ (a3atal — a,a?)(2°8%) — a?a3(3%) — ala?(2?3°) — alal(288°)
+ (a)a{a; — a})(2°3°) — a7 a] (278°) — a}aj (2°3°) + (4,05 — 67 7) (%)
+ (a5aie, — 41a;)(23) + (ala] — ajala] + ¢,a)(28) + (agata; — al)(2°8))
+ (90,0 — ajaja] — a,0] — 0,0])(3°)

2

— a}(2%) + a,(8) — a?(23) + a?ay(2%8) + ayaf(2%8) — @,a,(8%) — a,03(23%)
— a2af(2°8?) — a,al(2°8%) + (@,ala, — a,)(278%) — a,a,(2°3%) + a3 (3°)
(65) + a3a?(223%) — af(2°8°%) + afal(2°8%) + afay(8*) — aj @, ay(23") + aya}(2°3)
— a](2°8%) + a] a,(2'8%) — a,a}a}(2°3*) + a]a}(2°8*) — (aja] + a]a3)(23%)
+ a3a,(288Y) + (adad — a,0})(8%) + (a,aia, — af)(23%) + (a.aia; — ata})(2°3°)

* 11, instead of the mere verification of this theorem for the computed invariants K, we had a
direct proof, it would be of decided aid to the computation. We may compute X by means of
(63) alone. For example, let p*=3?, and give K its necessary form (75) with the four paren-
theses multiplied by 1, m, s, r, respectively. In (A®*—J ) K, we readily find that the factor
of af is (s—r)a,afal— (s4-m)aja}, while the terms independent of a, and a; are
(s—1)(ala]—ayal). Hence —m=r=s=1.

In general, the labor of determining the high power of A would be great. We may, however,
employ only the first two terms of (61) and so readily compute the terms of (63) independent of
as. We thereby get the coefficients of the terms of ¢ independent of a;. The coefficients of the
terms involving a, to the first power are then either known or else ocour in the terms involving
at(e=2), in view of (45). The work with the annihilators is now greatly simplified. It suf-
fices to find the coefficients of aj, -+, a}, a2, in turn, where r is the greatest integer in
2/3(p"—1). We need only a part of the annihilators ; for instance, the derivative with respect
to a; need not be of order higher than r — 2.

+ We have omitted the terms (2¢38), i=1, (2i3"), i=4, (2!3%),i=2, 4,5, 7, 8 (which
bave long coefficients), since they have no effect npon a function ¢ satisfying (67), the binomial
coefficients Ce (1 =2, 4, 5) being multiples of:3.
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+ (afd} + ajat — afata,)(2°8°) — afay(28°) — afa}(278°) — afa](2¢3°)
— a}a3(2°8°) + (ajala; — a3)(273%) + (afa, — a}af)(3") + (asai + aja3)(28")
+ (a,0}af — a}al)(2°8") + (ajata, — aiaf)(2°37)
+ (a4 aia, — a*a — aya,05 — a}af)(38).
We may set

0,....8
(66) b= 2, B a;d] ( B's tunctions of a5, a,) .
%3

Since a? occurs only the first term of (64) and of (65), we get
Bga;=0 (i=1,---,8).

In view of these relations, af occurs only in the first two terms of (64) and the
first two terms of (65). The resulting sets of conditions react on each other
and give the first two conditions (69) and

By=0(i=1,...,7), B,a,=0(i=1,4,5,6,T7,8),
together with B, a,=0. From the latter and Ba, = 0 follows
By, = km, 7= (ad—1)(a?—1).

Hence on replacing ¢ by ¢ — k7, when I is the absolute invariant (2), we have
By=0. If both B, a, and B a, vanish, then B, = cm, and hence B, =0
in view of (16).

We consider in turn the coefficients of af, - - -, a, in (64) and (65) and finally
the terms * independent of @, in (65). The process of writing down the two coeffi-
cients of af is simplified by holding in mind those of the relations (67) and (68)
which have been found in the earlier steps. The two resulting sets of condi-
tions react on each other very considerably, and some further simplifications
result from the earlier conditions. The final results are as follows:

(67) By=0(i=1,--.8), B,=0(=1,4,--,8), B,=0(i=2,3,4,5,7,8);
(68) B‘6a1=0(i= 1, 7, 8), B“al=0(i=5, 7), B,.2al=0(i=3, 5, 8),
together with the set of conditions, referred to as (69):

By=P,a, B,o,=— B, da}, B,=— Byga,, B,=— Bga, B, = B,a,

08 "0

— 3
B,a=—Ba

— 3 —_ 3 —_— 3 3__
6619 B27a0_B56a1’ B07a0— B%al’ Bl.’)al— BOSaO’ B&'tal—‘BOS’

*Those in (64) are not required in n~omputing the invariants ; they were determined directly
for each invariant and found to vanish, thus giving a check.
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B, = B,a,, B,=— B,a

0?

B, = B,a, B,o =— B, a}

245 5y Be@=— By,
Bya} = By, B,a + Bya,a} + Bya; =0, B,a} = — B,a,, B,= B,aq;,
Ba=B,a;—B,a}, B,=Ba}, B,=B,a,—Ba, B,=B,a+ Ba,

'B« = Bsaaz’ Bzu = B“ag - Bosav ‘Bﬂ = Bssag + B43“1 - Beeaf’

Bu = Bzea: - Buaoag’ 'BM + Bs4 + B23al - Bmaﬁ + B«sag =0,

B, a,a = Bya, + Bya;, B,= Bya,, B,= B, a,+ B,a}, B,= Bya,,
st = B.uao + Bssa!:’ Bls = B44ao+'B73af’ Bos"'Bss = Buao“Buaf"'Bcaals’
‘B76= Bnao - Basaf - Bosag’ Bss = Buao - BZAaf - Bﬂ“f - BObal’

Botao = B&,af + B%agaf - Bssa?’ Blzal = Bosag’ Bzzal = Bwag’

B4za1 =— Bs.',af - Bosaf’ Bus == B72a13’ Bos = Bszaf’ Bss = Bna:’

- B,=B,a}, B,=Bya,+ B, a}, B,=Ba+Bya}—B,a,, B,=B,a+B,al,
Baz = ‘B5lal + Buag’ Bzz = Buaz + Bwaf - Bnan sz = Buaz’

Boz + Bsz = leal - Bnaoaf + Buaz’ Bmaoatls = Bcuag'l' Buagaf - ‘Bllal'

— —_ — 3 o2 — _ 3
BM“'Bezao’ Bu'—B a BsA—Bezao"Buaoal’ Bm—Bmao leau

12 %>
B,=B,a,— B, a}, B, + B,= B,a,— B, a}—B,d}, B,=B,a,+B,a;,
B, + B,a}=B,a,+ B, ¢}, B,a}= B,a,+ Bya?, By+B,a+B,a =0,
B+ B, a,+ By,a,=0, B,+B,a,—B, a}=0, B,+ B, a+ B, ai+ B, al=0,
B, + B,a,— B,a} + B,a} =0, B, + B,, + B,ja,— B,a} + Bya}=0,

B7s + le a, + Blzal - Bsoaf =0, Bea + Buao_ leaf - Bozax - Bwaf= 0,
B, a,— B, o} — Bya} + Byaja; — Bya;, + B, aja, + B, aya; = 0.

The general term of ¢, in the notations of § 5, is
(70) a;rairazag, 8e,+ 2¢, +¢,=d, e, + 2¢,+ 3¢, =d (mod 8).

For use in the later cases, we first determine the absolute invariants, viz.,
those with d=0. If B, a, =0, then ¢, =0, and hence B =0 unless
e, = 2¢, (mod 8). Hence by (68),

(71) 'B16=B86=B54=B74=B32=B82=0’ B7e=°ai(“f—1)’ B52=kao(af—1).

For}B, ,e,=T,e,=0 or 8; but aa] does not occur in view of (16) since
— — T — gt - 5
B,,=0. Hence B, =ral, r a constant. Then B, =ra}, B, = — ra al,
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etc., by (69). But A*and A® are absolute invariants, A being the discriminant
(87), and
(2) A = abad + al(alaf — qpala) + .
Hence if we replace ¢ by ¢ — rA%, we may set » = 0. Hence, by (69)
(18) By, By, By, By, By, By, By, By,
B, B,, B, B,, B,, B,,, B all vanish.

Now ¢ must be unaltered by substitution (16) and hence by (q,,)(q,q,),
since ¢, and e, are both even or both odd, by (70). Thus, from (71),
By = calal. Note that from B, =— cala?, we can conclude initially only that
By = — ca] + paa?, but subsequently that p = 0 since By, = 0. In this way

we readily find that conditions (69) are all satisfied if and only if, in addition to
(71) and (73), the following relations hold :

By, = caya], By = — cayaj, By = kaja}, By = — kajai, By = — ca,
By = — caja}, By = — ca}a}, By = — caj, By = ca,a}, By = cajay,

By = cajai, By = — kaj, By = — kaja}, By = — kaja,, B, = — ki,
By, = kaja}, By = — kaya], k=c, By= By = B;=0, B, =caja},
By = ca}a}, By = — cajai, By = waj (w new parameter), By, = wajaj,
By = —wa}, Byy= —wa}, B, = — (k+ w)a}a}, Byy= — (k + w)a,a,,
By = wa,, Byy=wa,a}, By= Byy= By =By, = B;;=0,

By, =1(a} —1) — w (! new parameter), By, = — (w + l)a} + constant.

For convenience, we take the constant in B, (the absolute term of ¢) to be .
Then there are three independent parameters w,/ and ¢ = k. The coefficient of
the latter is the negative of the absolute invariant (of degrees 24, 16, 8):

— 1 8 3 (] 7 43 6 2,2 4
W = ala§a} + af {— a}(a} — 1) al + ala} — alal e} + atal} + alala,
4/ 6,6 3,6 2 2 2 3 67( 8 4,3 ,6 345 5 3
+a3(aga;— agatas+ ajar — aaia,) + a3 { — ajal(a3—1)—ajaial+ ajaial + a,e a3}

(14)
+a;{— ajala} — ay(a} — 1) a3 + afa, + afal}
+as{— ajai (a3 — 1) + a,a]a} — aja,a; + a}aia,}.

The coefficient of [ is the invariant P, given by (57). The negative of the
coefficient of w is the absolute invariant of degree 8 (see §19):

(78) K=asai+ ai(aa,ai—alal)+ay(a}aia,— 0,@)) + af + afas— alala —auaia + af .
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Now K =A*— P + 1, in agreement with (58). Hence the absolute invariants
are the linear functions of I, P, W, A*, A®. The system should be closed also
under multiplication. In verification, we note the relations

I’'=1,IP=1, IW=0,A=0, PP=P, PW=0,

(76)
PA=0, W=W, WA*=W.

Let next d =1 (mod 8). Then B, a,=0 implies B =0 unless ¢, = 2¢, + 3
(mod 8). Hence the B in (68) all vanish. For B, , e, =0 or 8, ¢,=5; but
ala® does not occur in view of (16) since By =0. Thus B, = ca}. Also
B, ,=ra}a}. But one of relations (69) is B,,a}= B,. Hence B,= B, =0.
In view of relations (69) and the invariance* of ¢ under (16), we readily find
that the only non-vanishing B, are the sixteen for which i, j range over the
exponents of a,, a; in the following invariant, the value of B being the product
of a fixed parameter [ by the coefficient of ;@] :

T 3 44 6 4 3 3 43 42 7 4 3 6 6 3
aaaoa1+as(aoalaz—agalaz—“o“l)"i‘as(aoalaz—aoalaz)
3 3 8 4 6 7 4 6 42 3 4 6 3 8 3 3
U + a}(— aja3 — a,aiaj — aja; + afaiai—az a3 a,+aja}) + a3 (— a,ai)
6 7 3 46 44 2 43
+ a;(a3a; + ajata; + a5a3),

which equals — £, E being given by (10). By (82), E*=AFE.

For d = 8 (mod 8), we conclude that Z is the only invariant. Indeed, the
operation of cubing is uniquely reversible in the GF [9]. Similarly, the case
d = 2 reduces to the case d =8,and d=Ttod = 5.

For d = 6 (mod 8), we may set B, = ka}a}. Then B, = ka}a;, etc. If
we replace ¢ by ¢ + kA W, where

(18)  AW=ay(—aqar) + di(aaia] — agaja; — aza,) + -+,

we may set £ = 0. The resulting invariant is easily found to be a linear func-
tion of A and A®. Hence for d = 2, the invariants are the linear functions of
A% A7 and A* W2 = A*W.

For d = 4, we have B, =da}a}, B,=da;a}, B, = — da}a,, B, = dalal,
etc. We replace ¢ by ¢ — dA? W, where
(79) A'W =ajaia; + a}(— a}a,d} + ajdial + a}al) + - --,

and hence may set d = 0. The resulting invariant is readily found to be a
linear function of A? and A°.

* Here a more exacting condition than for d = 0. Thus B,, = ma,a? yields m = 0.
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For d =5, we have B, =ra,a}, By=ra,a}, B,= —ralal, ete. We
replace ¢ by ¢ — rA’E/, where

ST _ o8 5 7 4 2 2 42 3
(80) A’E = d}aya; + d}(a,0id} — dlalal) + - -,

and easily find that the resulting invariant vanishes identically. Then for
d = T, the only invariant is (A’E')® = A’E, by (82).

THEOREM. The cubic form (5T) in the GF [9] has exactly 18 lLnearly
independent invariants. These may be taken to be

@®1) I,P,A(i=1,...,8), ANW,NE(j=0,1,2,8).

The product of any two invariants can be reduced to a linear function of
these 18 invariants by the application of relations (16) and

82) IE=PE=0, WE=E, E=AW, AE=E, AN=A.

22. The invariants 7 and P of the cubic form in the GF [3"] can be
expressed in terms of a single invariant I'.  Thus

(83) I'=71+P, I=T-17, P =T2.
Forn=1, W= E*by (19). For n =2, we have, by (76), (82),
W= WA*= E*A3.

Hence we have proved, for » =1 and n = 2, the following

TaeoREM. The invariants of the cubic form in the GF[8"] are all
rational integral functions of the three fundamental invariants T'= I + P, E,
and the discriminant A, where I, P, E, are defined in §§ 1, 8, 4.

28. For the cubic form in the G#[2"], the power 2"~! of the discriminant
ata? + ala gives the invariant

(84) D = aja;,+ a,a,.
The eliminant & (§ 4) is a,a,m, where for n = 1, 2, 8, respectively,  equals
2e, Xa+D(a,+a), Xal+Ar+p,
A being the expression in the second parenthesis of (53), and
b= 0, a0, + a,0,03} + 30,5 + ayala + alalaya, + alayal.

Thus a,a,p = a,a,A. Hence, in each case, £ = DK, K being given in § 18.
For n =1 or 2, every invariant is an absolute invariant. This is evident
forn=1. For n=2, we add the congruences (70), the modulus now being
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3 ; there results 0 = d (mod 3). By use of the annihilators, I have found the
invariants

(85) R,_, = a,+ a,+ a0, + 0,0, + a,a, + a,a, + a,a,,
(86) R._o=a,+ a; + a,a} + @,0; + a,a3 + aja; + aia,
+ dia; + aja,a; + a,a,03 + aya,a5a,

and have proved that, for n =1, 2, every invariant is a rational integral func-
tion of D, K, B. In particular, an expression for (2) is

(87) I=(D*—1)(K*—1)(R*—1), p=2"—1.

For n =1, every invariant is a linear function of D, K, R, DK, DR.
Any relation between these follows from KR=0,D*=D,K*=K, R*=R.
For n = 2, the 18 linearly independent invariants may be taken to be

(88) K, T, R, DR, DK (i=1,2,3).

Any relation between these (absolute) invariants follows from

89 KR=0, K*=K, (DR)Y = DR, D'=D, R‘=R.
For a proof that D, R, K are independent, see §§ 27, 28.

24. For the cubic form (40) with the integral coefficients modulo 5, the only
invariant with d = 3 (mod 4) is the eliminant, given by § 4,

(90) E = a}(2a}a, — 2a,a}) + ai(2a,a,0; — 2d3a,)
+ a;(a,a} + 2030} — 2a%ata, — a,al);

while AZ is the ouly invariant with d = 1. The only (absolute) invariants
with d = 0 are the linear functions of 7, A%, A*, K, A’ K, where K is given by
(46). The only invariants with d = 2 are the linear functions of A, A%, AK.

The ten linearly independent invariants of the cubic form (40) in the
GF [5] may be taken to be

(91) I, E, AE, K, AK, A’K, A, A%, A3, At

Any relation between these Sfollows from

92) I'=1, IE=IA=IK=0, E'=A—-A—-AK, AE=-—F,
KE=—F, K'=K-—-A'+4A', AK=-—AK, A =A.

25. For the cubic form (40) with integral coefficients modulo 7, the non-
absolute invariants have d = 8 (mod 6). Indeed, if we add the congruences
(mod 6 ), analogous to (70), we find that 0 = d (mod 3).
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The only invariants with d = 3 (mod 6) are the linear functions of £, AE,
and A’E, where the eliminant % is (end of § 4)

(98) E = a;(3a}) + a} (20,0} — 3a}a,a,) + a3( a}a} + a,a}a} — 3af)

+ a3 (5a,a,05+ 3aja,a,— aia} ) + ay (a,0f— 20503 — ajaial + 20lala, — a,af).
The absolute invariants are functions of A, K, given by (47), and Q:
Q = a3(2a})+ a(6a,a,0,+ 3a}) + ai(a,03+ aja} ) + a3 (20,05 + Bada,a, + 4aia?)
(94) + a3\ 203 + 44 a} + 3a}a}a} + aaia, — af + 2a5 — 2)
+a;(aja, a} — a,a}ai + 24} o} — aja, a, + a3 a})

—atal + 20,a}a} + 3a} a3 + a)alad + 2a3at a, + 2a%al — 2al.

The sixteen linearly independent invariants of the cubic form (40) in the
GF [T ]may be taken to be

(95) E, AE, AE, @, ¢, @, A'(i=1,---,6), MK (j=0,1,2,8).
Any relation between these follows from
(%6) AME=F, EQ=0, FEK=—F, @'=3A'-3A'—@Q, QK=0, A=A,
A'K=AK, AQ=2A%-2A%, K’= K+A°+A% E*=2AK-—2A'—2A.
The invariant (2) has the following expression :
(97) I=Q+AK — K+ 2A°—3A° + 1.

26. The following tables give a complete set of (non-equivalent) canonical
forms of binary quadratic forms in the GF [p"] and the values of the inde-
pendent invariants for each canonical form :

P> 2 (invariants, §15). p = 2 (invariants, §11).
Canonical. _1{ J Canonical. | a, [ I | K
-y | v 0 ?4ay+cy| 1 ’ 0 l 1
xy 1 0 xy ] 1 0 0
x 0 | —2 x? 0 I 0 i 0
vt 0 0 Vanishing 0|1 ]
Vanishing| 0 | —1

Here v denotes a particular not-square in the GF [p*], p>2; whilecis a
particular solution of ¢ + ¢+ --- + ¢™ =1 in the GF[2"].

Trans. Am. Math. Soc. 16
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27. As a complete set of (non-equivalent) canonical cubic forms in the
GF[p"], we may take

BC, BxQ, Bxy(x+y), «*y, Bx*, vanishing form,

where C' and ) are any particular irreducible cubic and quadratic forms, e. g.,
C = 2* — zy® + 1y°, for a suitable value of 7, and (§ 26)

@=z"—wy’ (p>2), @=+zy+ey (p=2);

while B=1if p"=8"0or 81+ 2; B=1,¢, é&,if p"=38]+ 1, e being a prim-
itive root of the field.

G F[2] (invariants, § 23). GF[2], =i+ 1(mod 2) (§ 23).
Canonical. D R K Canonical. D R K
o—zy4+y | 1011 B(@—zy+y')| B | 0 | B
e(e*+2y+9y?) | 1 | 0 [ O Bx(2® +ay + iy*)| I8 | 8 | "B
zy(x+y) 1 1|0 Bry(x+7y) g 010
=y 00,1 2y 0| 0|1
x? 0 1 0 Ba? 0 B 0
Vanishing 00| 0 Vanishing 0|0} O
GF[3],n=1,2(§22). GF[5] (§24)
Canonical. A E r Canonical. A K | I E
e—xff+y 1|1 0 c—xyr+2P° 2(—1|0 |1
e(F—wy?)| ¥ | O 0 w(e?—2y%) |—=1| 0| 0 | O
xy(e+y) | 1 | 0 0 xy(x+y) 21 2100
xty 00 0 x*y 0f 1{0 |0
x® 00 1 x® 0 0/ 0| O
Vanishing | 0 | 0 |—1 Vanishing 0 0/1 1|0

28. An inspection of the tables §§ 26, 27 shows that all the invariants given
are necessary to characterize the canonical forms (since if one invariant is
omitted, the others have equal values for some two canonical forms), and that
no invariant is a rational function of the others (since any one takes different
values when the others are equal). The only exception to these statements is
the case of invariant E of the cubic form in the GF'[5]; the characterization
is complete without £'; but the independence of £ follows from the weights
d (§ 24).
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